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The phase, growth rate, and onset of long proton bunch self-modulation in plasma can be controlled by a
preceding short charged particle bunch. In this paper, by analyzing the growth rates of the self-modulation
obtained from particle-in-cell simulation results, we identify two modes of self-modulation, namely noise-
seeded and externally seeded self-modulations, and investigate their onset timings. We find that a uniform
onset of the self-modulation at each slice of the long proton bunch is crucial for fine-tuning its phase and
amplitude. We then demonstrate that a low-energy and low-current electron seed bunch in overdense
plasma generates near-axis radial wakefields similar to those observed in the blowout regime.
Consequently, the resultant self-modulation is excited as a single mode simultaneously along the entire
long proton bunch.
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I. INTRODUCTION

Because of much higher stored energy than that of laser
pulses and electron bunches, a proton bunch could be an
effective driver to create plasma wakefields for compact
electron acceleration [1–5]. The optimum bunch length for
generating beam-driven plasma wakefields is on the order
of the plasma skin depth k−1pe ¼ ðnpee2=ϵ0mec2Þ−1=2, where
npe is the ambient plasma electron number density, e the
elementary charge, ϵ0 the vacuum permittivity, me the
electron mass, and c the speed of light in vacuum [6].
Hence, the rms length of the proton bunch currently
available in most high-intensity accelerators (e.g.,

approximately 6 cm in CERN SPS) is too long to
effectively generate plasma wakefields. However, the
envelope of the long proton bunch can be self-modulated
by the transverse component of its own plasma wakefields
along the beam comoving frame coordinate ζ ¼ z − ct. The
self-modulation process forms a train of microbunches with
an initially constant separation of 2π=kpe, which resonantly
drives plasma wakefields, increasing the amplitude of the
wakefields close to the cold, nonrelativistic plasma wave-
breaking limit E0 ¼ kpemec2=e [1]. This amplitude can be
several orders of magnitude greater than that available in
conventional accelerators. The self-modulation can grow
from the inherent noise of the charged particle bunch [7] or
can be seeded by controlling its characteristics. It was
experimentally demonstrated that the self-modulation proc-
ess can be seeded by a relativistic ionization front (RIF) [8]
and also by a preceding electron bunch [5]. In this paper,
we mainly focus on the features of the long proton bunch
self-modulation seeded by an electron bunch.
Analytical theories for the self-modulation have been

developed assuming a bunch with a constant density profile
in transverse and longitudinal directions [1–3,9]. The
theoretical model, expressing the bunch distributions in
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all directions as Heaviside step functions, is advantageous
in explaining the main physics while simplifying the
discussion. However, it is not suitable for predicting the
growth rate of the self-modulation for bunches with
Gaussian or parabolic distributions. If the proton bunch
self-modulation is seeded by the wakefields driven by a
preceding electron bunch, the parameters of the modulated
long proton bunch and the seed driver are decoupled in
the analytical description. Indeed, increasing the number
of degrees of freedom yields new aspects of the self-
modulation. In Ref. [9], the contribution of the seed appears
with different features at the front and back of the
modulated long proton bunch. However, since the analyti-
cal solution in Ref. [9] was derived using terms only up to
the second order of the series-expanded seed contribution,
the amplitude of the seed wakefields could not be used to
precisely determine the growth rate. To analyze recent
proton beam-driven wakefield experiments, therefore, it is
crucial to study the seeding mechanisms of the long bunch
self-modulation in more detail, considering realistic bunch
distributions and higher-order terms.
In order to explore the underlying physics of the long

proton bunch self-modulation seeded by a short charged
particle bunch in an overdense plasma, we estimate
analytically and numerically its phase and growth rate.
By assuming that the self-modulation process can be
analytically expressed as the linear combination of
noise-seeded and externally seeded self-modulations, and
by fitting the analytical expression to the results of particle-
in-cell (PIC) simulations, we investigate for the first time
the onset timings and mode composition of two modes of
the long proton bunch self-modulation. Here, fitting coef-
ficients of the two modes indirectly suggest the onset
timings of noise- and externally seeded self-modulations.
In this study, we call these two fitting coefficients “onset
coefficients.” The mode composition which is determined
by the two onset coefficients depends on ζ for a long bunch
with a nonconstant current profile, in which the long bunch
self-fields are non-negligible. Furthermore, the long
bunch shot noise leads to the noisy onset timing of the
self-modulation. The near-axis radial wakefields driven by
a preceding short, low-current, and low-energy electron
bunch quickly become close to those obtained in the
blowout regime of the wakefield and therefore override
the self-fields and noise of the long bunch at the onset stage
of the self-modulation process. In this paper, we demon-
strate that the electron bunch seeding introduces the
features of uniform onset of the self-modulation, such that
a single mode is excited simultaneously along the entire
long proton bunch. The analytical approach shows reason-
able agreement with simulation results from the FBPIC

code [10].
For the system we are considering here, the changes in

bunch energy and Coulomb scattering can be assumed
negligible. The main factors influencing the envelope of the

long proton bunch are its transverse momentum (emittance)
and the wakefields generated by both the seed and the
proton bunch itself. Therefore, the root mean square (rms)
radius rp of the long proton bunch can be described by the
following envelope equation [11]:

d2rp
dz2

−
ϵ2n;p
γ2pr3p

¼ e
γpmpc2rp

½hrW⊥si þ hrW⊥mi�; ð1Þ

where ϵn;p is the normalized emittance of the long proton
bunch, γp is the relativistic factor, mp is the proton mass,
and hrW⊥i is the average of the wakefields weighted by the
particle’s radial position r. The force term on the right-hand
side of Eq. (1) incorporates both the seed wakefields (W⊥s)
and the self-wakefields of the long proton bunch (W⊥m).

II. ENVELOPE SELF-MODULATION SEEDED
BY A HIGH-ENERGY PROTON BUNCH

We consider a system in which the plasma wakefields are
initially driven by a short charged particle bunch and
weakly modulate the envelope of a following long proton
bunch. The two relativistic bunches are colinearly propa-
gating in a quasineutral overdense plasma (npe ≫ nb).
Here, nb is the bunch peak number density. It is thus
assumed that the bunches perturb the plasma electrons with
small oscillation amplitudes and the velocities of the
perturbed plasma electrons are much smaller than the
speed of light. With these assumptions, the magnetic field
generated by the perturbed plasma current is negligible,
and other perturbed physical quantities are taken up to
first order. As a result, the linearized equation for the
transverse plasma wakefield driven by a charged particle
bunch is [9]

W⊥ ¼ −
�
q
e

��
nb
npe

�
E0k3pe

Z
ζ

∞
dζ0 sin½kpeðζ − ζ0Þ�fkðζ0Þ

×

�
K1ðkperÞ

Z
r

0

dr0r0I0ðkper0Þf⊥ðr0Þ

− I1ðkperÞ
Z

∞

r
dr0r0 K0ðkper0Þf⊥ðr0Þ

�
; ð2Þ

where q is the charge of the bunch particle and fkðf⊥Þ is
the longitudinal (transverse) profile of the bunch. We use
the approximations for Bessel functions I0ðkper0Þ ≈ 1 for
kper0 < 1 and K1ðkperÞ ≈ 1=kper for kper < 1 for the first
term and ignore the second term at the right-hand side of
Eq. (2), as in Refs [3,9]. This approximation is valid when
most of the bunch particles are within kper < 1.
A preceding, short proton bunch that has the same

energy and initial rms radial size as the following long
proton bunch can drive linear wakefields. Although such a
short proton bunch is not available in actual experiments, it
can mimic the RIF seeding [8] in the theoretical analysis,
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providing a similar radial profile and evolution time scale as
the seed wakefield driven by the sharp rising proton bunch
front interacting with the plasma [1,12]. Furthermore, the
analytical approach used here can be applied similarly to
the electron seed bunch case. Since the rms length of the
preceding seed bunch Ls is on the order of k−1pe , the entire
bunch is within the focusing phase of its driven plasma
wakefield. The transverse wakefield behind a short
Gaussian proton bunch is

W⊥s;p ¼ −A2
s;pE0 cosðkpeζ þ ϕs þ π=2Þ

×
kper2s
r

�
1 − exp

�
−

r2

2r2s

��
ð3Þ

with

As;p ¼ ½ðns=npÞ
ffiffiffiffiffiffi
2π

p
kpeLs exp ð−k2peL2

s=2Þ�1=2; ð4Þ

where As;p is the normalized amplitude of the wakefields
driven by the proton seed bunch. Here, ns, rs, and ϕs ¼
−kpeζs represent the peak number density, rms radius, and
phase of the proton seed bunch, respectively.
Since the following proton bunch is long (Lp ≫ k−1pe), the

radial wakefields along kpeζ of the proton bunch alternately
focus and defocus its envelope. Therefore, here, we do not
treat the longitudinal and transverse integrations as
separable [1–3]. The transverse wakefield from the modu-
lated proton bunch on any slice ζ is

W⊥m ¼ −
�
np
npe

�
E0k2pe

Z
∞

ζ
dζ0 sin½kpeðζ − ζ0Þ�fkðζ0Þ

×
r2p
r

�
1 − exp

�
−

r2

2r2p

��
: ð5Þ

Now the envelope equation (1) can be expressed as

d2rp
dz2

−
ϵ2n;p
γ2pr3p

¼ e
γpmpc2rp

½hrW⊥s;pi þ hrW⊥mi�

¼ e
γpmpc2rp

�R∞
0 r2e

− r2

2r2pW⊥s;pdrR
∞
0 re

− r2

2r2p dr

þ
R
∞
0 r2e

− r2

2r2pW⊥mdrR∞
0 re

− r2

2r2pdr

�
: ð6Þ

Hence, with the thin bunch approximation (kperpðsÞ < 1),
the self-modulation of the long Gaussian proton bunch
seeded by a preceding short Gaussian bunch in overdense
plasma is described by

d2rp
dz2

−
ϵ2n;p
γ2pr3p

¼ −A2
s;pk2β cosðkpeζ þ ϕs þ π=2Þ 2rpr2s

r2p þ r2s

− k2βkpe

Z
∞

ζ
dζ0 sin½kpeðζ − ζ0Þ�fkðζ0Þrp;

ð7Þ

where kβ ¼ ðnpe2=2γpmpϵ0c2Þ1=2 represents the long pro-
ton bunch betatron wave number and np is the peak number
density of the long proton bunch. At an early propagation
distance in the plasma, we assume that the amplitude of the
seed wakefield terms dominates over the emittance and the
self-modulation growth terms. In particular, here, we
consider the situation before the self-modulation becomes
significant, and the Lorentz force from the magnetic field at
the peak current of the long Gaussian proton bunch
approximately balances the emittance, i.e., ϵn;p ∼
0.4γpkβr2p0 in our regime of interest. The factor of 0.4
has been found from FBPIC simulations.
If we consider a radially matched proton seed beam, i.e.,

rp ≈ rs, the simplified equation for the proton-bunch-
seeded, long proton bunch modulation amplitude, without
considering the long bunch self-fields in z, is

d2rp
dz2

≈ −A2
s;pk2β cosðkpeζ þ ϕs þ π=2Þrp: ð8Þ

At the phase where the long proton bunch is defocused
[i.e., cos ðkpeζ þ ϕs þ π=2Þ ¼ −1], the bunch self-
modulation amplitude within the short propagation distance
(kβz < 1) is

rpD ¼ rp0 cosh ðAs;pkβzÞ: ð9Þ

Once the process starts, the amplitude of envelope
modulation self-consistently grows with its driven wake-
fields. The contributions of the emittance and seed
wakefield on the envelope quickly become negligible
during the self-modulation process. Assuming rp − rp0 ¼
r̂ exp ½iðkpeζ þ ϕsÞ�=2þ c:c: and j∂kpeζ r̂j ≪ jr̂j, we apply
the plasma operator ð∂2kpeζ þ 1Þ into Eq. (7) with Leibniz

rule. We then obtain the linearized equation of the self-
modulation amplitude r̂ [9] as

½∂ζ∂2z þ ði=2Þk2βkpefkðζÞ�r̂ ¼ 0; ð10Þ

where the factor of 1=2 at the second term is from the
estimation of the Gaussian radial profile, which can be
modified for any different radial profile.
We apply the Laplace transform on Eq. (10) from z to p

space and integrate the equation in ζ space, introducing the
initial conditions r̂ðz ¼ 0; ζÞ ¼ δr and ∂zr̂ðz ¼ 0; ζÞ ¼ 0,
where δr is the initial noise amplitude of the proton bunch
envelope at any slice ζ. In addition, the initial modulation
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(often considered as bunch noise [7]) and the external
seed are set as r̂ðz; ζ ¼ 0Þ ¼ Θ½δrþ rp0

P
l¼1ðAs;pkβzÞ2l=

ð2lÞ!�, where ΘðzÞ is the Heaviside step function and
rp0

P
l¼1ðAs;pkβzÞ2l=ð2lÞ! ¼ rpD − rp0 is the series

expanded amplitude of the externally seeded modulation
at the early propagation distance. Here, for the sake
of simplifying the analysis, we have neglected any
unknown coupling mechanisms and have modeled the
self-modulation process as a linear combination of
noise- and externally seeded modulations. The equation
arranged for the Laplace transformed self-modulation
amplitude is

Lz½r̂ðz; ζÞ� ¼
�
δr
p
þ rp0

X
l¼1

A2l
s;pk2lβ
p2lþ1

�
exp

�
i
2

k2βkpeΦ
p2

�
;

ð11Þ

where Φ ¼ R
fkðζÞdζ is the integration along the long

bunch current profile.
In order to obtain the phase locked asymptotic solution,

we use the method of steepest descent while inverse-
transforming Eq. (11) using the Bromwhich integral.
Assuming that the effects of initial modulation and
external seed are small when compared to the self-
modulation growth, the resultant self-modulation ampli-
tude in ðkpeζ; kβzÞ space is

r̂ ≈
�
δrþ rp0

X
l¼1

�
exp

�
−i

π

6

�
Rc;p

�
2l
�

×

� ffiffiffi
3

p

8π

�
1=2

exp

�
N þ i

Nffiffiffi
3

p þ i
5π

12

�
N−1=2; ð12Þ

where rp0 is the initial rms radius of the long proton bunch,
Rc;p ¼ As;pðkβz=kpeΦÞ1=3 the radius of convergence with
the Gaussian proton seed bunch in the series expansion, and
N ¼ ð33=2=4Þðk2βz2kpeΦÞ1=3 the e-folding number for the
exponentially growing self-modulation without the seed
wakefield contribution. We note that by selecting a specific
order of seed (l), this series solution is partly reduced to the
ones in Refs [3,9].
By taking the real part from Eq. (12), we obtain the

asymptotic solution of the envelope self-modulation for a
long Gaussian proton bunch seeded by a short, radially
matched, and high-energy Gaussian proton bunch in
ðkpeζ; kβzÞ space as below.

rp − rp0 ≈
� ffiffiffi

3
p

8π

�
1=2

rp0
eNffiffiffiffi
N

p

×

�
δr
rp0

cosðψÞ þ
X
l¼1

R2l
c;p cos

�
ψ þ πl

3

��
;

ð13Þ

where ψ ¼ −5π=12 − kpeζ þ ϕs − N=
ffiffiffi
3

p
is the phase of

the self-modulation without the contribution of the external
seed wakefields. In Eq. (13), Rc;p shows the dominance of
the seed wakefield over the long bunch self-field in
ðkpeζ; kβzÞ space. Meanwhile, πl=3 in each term of the
externally seeded series solution shifts its phase against the
phase slippage from the self-modulation process [2,3],
which is determined by −N=

ffiffiffi
3

p
. When the self-modulation

is dominated by the seed wakefield (i.e., Rc;p ∼ 1), the
phase slippage from the self-modulation process is negli-
gible. Therefore, the effect of πl=3 inside the phase
argument of the externally seeded solution is physical only
when the resultant phase does not surpass the phase of the
seed wakefield. Since Rc;p < 1 in the regime of interest, the
series converges.
For the PIC simulations, the physical and numerical

parameters are set as follows: The ambient plasma elec-
tron number density is npe ¼ 1.0 × 1014 cm−3. For the
initial parameters of the short Gaussian proton seed
bunch, the peak number density ns ¼ 1.8 × 1012 cm−3

(Qs ≈ 150 pC), the mean relativistic gamma γs ¼ 426,
the rms length Ls ¼ 1.4=kpe ≈ 744 μm, the rms radius
rs0 ¼ 0.4=kpe ≈ 213 μm, and the normalized transverse
emittance ϵn;s ¼ 1 μm. For the initial parameters of the
long Gaussian proton bunch, the peak number density np ¼
2.4 × 1012 cm−3 (Qp ≈ 16 nC), the mean relativistic
gamma γp ¼ 426, the rms length Lp ¼ 113=kpe ≈ 6 cm,
the rms radius rp0 ¼ 0.4=kpe ≈ 213 μm, and the normal-
ized transverse emittance ϵn;p ¼ 0.4γpkβr2p0 ≈ 1.8 μm.
The simulation geometry is 2D axisymmetric, and the
resolution is set to Δz ¼ 0.02=kpe, Δr ¼ 0.005=kpe,
and Δt ¼ Δz=c in the laboratory frame. In order to
avoid the situation in which the long proton bunch
front is cut by the front of the simulation window,
and therefore the sharp rising bunch front generates
undesired wakefield, the length of the simulation window
is set to Lw ¼ 4Lp. Only the front half of the long Gaussian
proton bunch is simulated. The radius of the simulation
window is set to Rw ¼ 1.88=kpe ≈ 1.1 mm, which is
large enough for observing the early stage of the long
proton bunch self-modulation. Each simulation particle of
the seed and the long proton bunches represents 1000
physical particles.
Since the rms radial size of the long proton bunch

averaged in ζ slowly diverges or focuses by the choice of
ϵn;p along the Gaussian current profile, we estimate, based
on the PIC simulation results, the normalized amplitude of
the self-modulation ðrp;max − rp;minÞ=2rp0, which is plotted
in Figs. 1(a) and 1(b). Plots are made at two longitudinal
positions of the long proton bunch [indicated by red dotted
vertical lines in Figs. 1(c)–(e)]. Here, the maximum and
minimum rms radial sizes rp;max and rp;min are sampled
with the slice length 0.1π=kpe within the range 2π=kpe.
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Figure 1(a) is for the longitudinal center of the long proton
bunch, kpeζ ¼ kpeζ0 ∼ −452, and Fig. 1(b) is the case at
2Lp ahead from the center, kpeζ ¼ kpeðζ0 þ 2LpÞ ∼ −226,
where ζ0 represents the position of the longitudinal center
of the long proton bunch. We note that for kβz≲ 0.1, the
noise associated with the finite number of simulation
particles is responsible for the initial modulation ampli-
tudes [i.e., δr in Eq. (13)] in Figs. 1(a) and 1(b).
In order to fit the prediction of Eq. (13) to the PIC

simulation results, we set the normalized amplitude of the
self-modulation for Eq. (13) as

ðrp − rp0Þ=rp0 ≡ αr̂0 þ βr̂s;p: ð14Þ

Here, r̂0 and r̂s;p are the first and the second terms
normalized by rp0 in the right-hand side of Eq. (13),
respectively. The coefficients α and β are relevant for the
onset timings of the two modes and are determined when
the simulation data are fitted with Eq. (13) [see black solid
curves in Figs. 1(a) and 1(b)]. The onset coefficients α and
β indicate the dominance of the long proton bunch self-field
and the seed wakefield, respectively, in the early stage
growth rate of the self-modulation. Here, we define the
growth rate as ∂kβzfðrp − rp0Þ=rp0g. At the longitudinal
center of the long bunch [Fig. 1(a)], since ns=np ¼ 0.75,
the amplitude of the self-magnetic focusing field of the
long proton bunch is comparable to the radial seed

FIG. 1. Amplitudes of the long proton bunch envelope self-modulation, seeded by the radially matched proton bunch for
ns=np ¼ 0.75, as a function of kβz at (a) the longitudinal center of the long bunch and (b) 2Lp ahead from the center. Equation (13)
(solid curves) is fitted to the PIC simulation result (dotted curves) by introducing the onset coefficients: α for noise-seeded modulation
and β for externally seeded modulation. Dashed curve in (b) represents the amplitude of the seeded modulation without the long bunch
self-fields. (c) Current profiles of the proton seed bunch (orange curve) and long proton bunch (blue curve) in kpeζ space. (d) Colormap
of Rc;p ¼ As;pðkβz=kpeΦÞ1=3 (radius of convergence with the Gaussian proton seed bunch) in ðkpeζ; kβzÞ space. (e) Onset coefficients α
(blue circles with error bars) and β (orange circles with error bars) along kpeζ. Circles and error bars indicate the average values and
standard deviations, respectively, calculated over five simulations. The blue and orange shaded areas represent the data intervals of α and
β, respectively. In (c) and (d), two red, dotted vertical lines represent the positions of the longitudinal center of the long bunch and 2Lp

ahead from the center, respectively. (f) Phase shifts of the modulation at the long bunch center: (solid curve) −Δ argð0.8r̂0 þ 0.12r̂s;pÞ
from the shifted phase argument of Eq. (13), (dashed curve) −N=

ffiffiffi
3

p
from the self-modulation growth without seed and onset

coefficients, and (dotted curve) from the PIC simulation.
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wakefield [13]. The resultant growth rate is estimated as a
mixture of two modes (r̂0 and r̂s;p). At 2Lp ahead from the
center [Fig. 1(b)], the self-fields of the long bunch are
negligible compared to the seed wakefields, and only the
externally seeded mode (r̂s;p) survives. We note that right
behind the seed bunch, Rc;p > 1 [see Figs. 1(c) and 1(d)],
and the asymptotic solution of the seeded self-modulation
does not converge. In Fig. 1(e), the fitting coefficient α is
averaged over five simulations for a given ζ. The variation
of α with respect to ζ resembles the current profile of the
long bunch. The bunch shot noise is the main contributor to
the large error bars and the wide intervals between the
minimum and maximum values.
Analytical estimation of the phase shift, with two modes

interfering with each other [solid curve in Fig. 1(f)], is
smaller in magnitude than the case without the external
seed [dashed curve in Fig. 1(f)]. The PIC simulation result
of the phase shift [dotted curve in Fig. 1(f)], representing
the phase trace of the zeros of the longitudinal wakefield,
exhibits an anomalous behavior, which is distinguished
from the established analytical expectations [2,3]. This
occurs because the β-mode wakefield experiences delayed
growth and interferes with the α-mode wakefield that has
already grown earlier at the center of the long bunch. We
note that since the analytical estimation of the phase shift
does not take into account the self-modulation onset delay
when the mode composition of the self-modulation is
polarized along ζ as shown in Fig. 1(e) (i.e., the α mode
is dominant near the long bunch longitudinal center and the
β mode is dominant right behind the seed bunch), the phase
shift cannot be explained by Eq. (13). The coefficients α
and β may depend on the profiles and amplitudes of the
long bunch’s self-fields and the seed wakefields, as well as
the magnitude of the long bunch noise. Therefore, α and β
are, in general, functions of ζ.
Section II with Fig. 1 illustrates that when the radial

profile and the amplitude of the seed wakefields are
comparable to those of the self-fields from the following
long proton bunch, the composition of the two modes and
their onset timings are significantly affected by the shot
noise and the current profile of the long bunch.

III. ENVELOPE SELF-MODULATION SEEDED
BY A LOW-ENERGY ELECTRON BUNCH

The radial equilibrium of the charged particle beam in an
overdense plasma is found as a collective behavior of the
beam particles that have different oscillation frequencies
[14]. Since the ratio of the betatron frequency of the low-
energy (∼18 MeV) electron seed bunch to that of the
modulated high-energy (400 GeV) proton bunch is approx-
imately 150, the seed bunch is focused to its radial
equilibrium at the very early stage of the self-modulation
process. In the regime of interest, the electron bunch peak
number density after the focusing surpasses npe, and the

perturbed plasma number density reaches npe on the bunch
propagation axis. A radial profile of the perturbed plasma
density behind the low-current (∼25 A) electron driver at
its radial equilibrium is found as feðrÞ ∝ exp ð−2r=rBÞ
from the PIC simulations. Here, rB is known as the blowout
radius of the plasma electrons defined by rB ¼
2ðns=npeÞ1=2rs0 [15]. Replacing the driver bunch density
with this perturbed plasma electron number density in the
linearized plasma wakefield equation [9], the radial wake-
field behind the short, low-energy, and low-current electron
bunch at its radial equilibrium is obtained as

W⊥s;e ≈ E0kper2B½f1 − exp ð−2r=rBÞð1þ 2r=rBÞg=4r�
× ½

ffiffiffiffiffiffi
2π

p
kpeLs exp ð−k2peL2

s=2Þ�
× cosðkpeζ þ ϕs þ π=2Þ: ð15Þ

Within r < rB, this radial wakefield is close to that obtained
from the blowout regime.
For an analytical simplicity, as the electron bunch energy

loss is negligible at the early stage of the self-modulation
process, we assume that the electron seed bunch pro-
file remains the same, which is valid while γsmec2 ≫
eWDecz, where the decelerating wakefield WDec ≈
E0kperBf1− 3expð−2Þgf ffiffiffiffiffiffi

2π
p

kpeLs exp ð−k2peL2
s=2Þg=16.

Since hrW⊥s;ei is not integrable in the integration limit
0 ≤ r < ∞ with the proton bunch Gaussian radial profile,
we set the integration upper limit as

ffiffiffi
3

p
rp and expand the

long bunch Gaussian radial profile near the axis up to r6

order. Then, considering the low current seed bunch, i.e.,
rB ≪ rp, the equation for the electron-bunch-seeded, long
proton bunch modulation amplitude, without considering
the long proton bunch self-fields in z, is

d2rp
dz2

≈
93

256

npe
np

k2βr
2
B

rp
½

ffiffiffiffiffiffi
2π

p
kpeLs exp ð−k2peL2

s=2Þ�

× cosðkpeζ þ ϕs þ π=2Þ: ð16Þ

At the phase where the proton bunch is focused [i.e.,
cos ðkpeζ þ ϕs þ π=2Þ ¼ −1], by selecting a monotoni-
cally decreasing solution of Eq. (16) and using
exp ½−erf−1ðzÞ2� ¼ 2 − cosh ½ðπ=2Þ1=2z� þOðz6Þ for
z < 1, we obtain the bunch modulation amplitude without
considering the long bunch self-fields in the form of
hyperbolic cosine function as we did with the radially
matched high-energy proton seed, i.e.,

rpF ≈ rp0½2 − cosh f1.2As;ekβzg�; ð17Þ

where As;e ¼ ½ðIs=IpÞ
ffiffiffiffiffiffi
2π

p
kpeLs exp ð−k2peL2

s=2Þ�1=2 with
Is and Ip the seed and proton bunch peak currents,
respectively. Now the resultant contribution of seed wake-
fields depends on the currents of the electron seed and long
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proton bunches. This analytical result is obtained by
adopting the concept of the blowout radius, which depends
on the seed bunch current, and by estimating the average of
the seed wakefields across the radial profile of the pro-
ton bunch.
Since now the mathematical form of rpF − rp0 is the

same as rpD − rp0, we simply replace Rc;p in Eq. (13) with
Rc;e ≡ 1.2As;eðkβz=kpeΦÞ1=3 the radius of convergence
with the tightly focused electron seed bunch. Therefore,
the modified equation is

rp − rp0 ≈
� ffiffiffi

3
p

8π

�
1=2

rp0
eNffiffiffiffi
N

p

×

�
δr
rp0

cosðψÞ þ
X
l¼1

R2l
c;e cos

�
ψ þ πl

3

��
:

ð18Þ

The dominance of the electron bunch driven seed wakefield
over the long proton bunch self-field depends on their
bunch currents, not on their densities. Since the peak value
of the radial seed wakefield is limited by its narrow blowout
radius, the wakefields amplified from the self-modulation
growth are dominant over the seed wakefield. Therefore,
the long proton bunch betatron frequency appears ζ-
dependent, which is known to suppress the hosing of long
charged particle bunches in overdense plasmas [16].
As for the PIC simulations, from the previous simulation

parameter set, we replace the mass ms ¼ mp, the mean
relativistic gamma γs ¼ 426, and the (þ) sign for the seed
bunch charge with ms ¼ me, γs ¼ 35.2, and the (−) sign,
respectively.
In order to estimate the fitting coefficients of two modes

with the tightly focused low-current electron seed bunch,
we set ðrp − rp0Þ=rp0 ≡ αr̂0 þ βr̂s;e, where rs;e represents
the second term normalized by rp0 in the right-hand side of
Eq. (18). Figures 2(a) and 2(e) show that at the longitudinal

FIG. 2. Amplitudes of the long proton bunch envelope self-modulation, seeded by the tightly focused electron bunch for Is=Ip ¼ 0.75,
as a function of kβz at (a) the longitudinal center of the long bunch and (b) 2Lp ahead from the center. Equation (18) (solid curves) is
fitted to the PIC simulation result (dotted curves) by introducing the onset coefficients: α for noise-seeded self-modulation and β for
externally seeded self-modulation. (d) Colormap of Rc;e ¼ 1.2As;eðkβz=kpeΦÞ1=3 (radius of convergence with the tightly focused
electron seed bunch) in ðkpeζ; kβzÞ space. (f) Phase shifts of the self-modulation at the long bunch center: (solid curve) −Δ argð0.3r̂s;eÞ
from the shifted phase argument of Eq. (18), (dashed curve) −N=

ffiffiffi
3

p
from the self-modulation growth without seed and onset

coefficients, and (dotted curve) from the PIC simulation.
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center of the long proton bunch, the fitting coefficient β,
which accounts for the externally seeded self-modulation,
dominates in determining the growth rate. The self-modu-
lation term, represented by the fitting coefficient α, is
estimated to be negligible compared to the externally
seeded self-modulation. Therefore, for simplicity, α is set
to zero. At 2Lp ahead from the center, the PIC simulation
result in Fig. 2(b) of the self-modulation amplitude (dotted
curve) shows a mismatch with the analytical expectation
(solid curve) at kβz ∼ 1. The mismatch is due to the energy
loss of the seed bunch, which was not considered in our
analytical approach. Comparison of Figs. 2(c) and 2(d)
with Figs. 1(c) and 1(d) indicates that the electron seed
bunch at its radial equilibrium leads to a larger growth rate
than the high-energy proton seed bunch case. Whereas both
cases have the same seed bunch current, the radius of
convergence Rc is larger for the electron seed bunch for the
same ζ and z, which leads to a larger ∂kβzfðrp − rp0Þ=rp0g.
Figure 2(e) shows that the onset coefficient α for the

noise-seeded self-modulation is negligible, whereas the
onset coefficient β for the externally seeded self-modula-
tion is approximately constant along ζ with negligible
deviation. This implies that long proton bunch self-modu-
lation is simultaneously seeded as a single mode along ζ,
effectively overriding the ζ dependence of the self-fields of
the long proton bunch and the initial noise on the envelope.
We define this characteristic as the “uniform onset.” The
phase behavior of the long proton bunch self-modulation
now can be explained by the shifted phase argument of
Eq. (18) with a single mode, i.e., in terms of Δ arg½βr̂s;e�,
without any mode interference. Moreover, the PIC simu-
lation result of the self-modulation phase shift [dotted curve
in Fig. 2(f)] does not exhibit the anomalous behavior that
was observed in Fig. 1(f).

IV. CONCLUSION

This work indirectly demonstrates that the onset timing
of the long proton bunch self-modulation seeded by the RIF
can be significantly affected by the shot noise and current
profile. In particular, when the mode composition of the
self-modulation is polarized along the current profile of the
long proton bunch, the mode interference causes an
anomalous phase shift during the self-modulation process.
On the other hand, the tightly focused, low-current

electron bunch uniformly seeds bunch self-modulation
along ζ, even for the long proton bunch with a nonconstant
current profile, while suppressing mode polarization and
the noisy onset timing. This feature is critical when
introducing the plasma density step or the density gradient
[2,17] at the early stage of the self-modulation process.
The analytical and numerical tools developed in this

work will be useful for the design and analysis of proton
beam-driven wakefield experiments, such as the Advanced
Wakefield Experiment (AWAKE) at CERN.
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