Online ISSN 1976-8524
Print ISSN 0374-4884

Journal of the Korean Physical Society
https://doi.org/10.1007/540042-023-00739-4

ORIGINAL PAPER - FLUIDS, PLASMA AND PHENOMENOLOGY q

Check for
updates

A non-destructive correlated energy spread monitor using
multi-stripline electrodes for X-ray free electron lasers

Chang-Kyu Sung" - BokKyun Shin' - Moses Chung' - Inhyuk Nam? - Changbum Kim?

Received: 16 November 2022 / Accepted: 9 December 2022
© The Korean Physical Society 2023

Abstract

During X-ray free electron laser (XFEL) operation, electron beam parameters such as the correlated energy spread, which
affects the self-amplified spontaneous emission (SASE) spectrum, should remain optimized for the best performance. How-
ever, the correlated energy spread often varies from the optimized condition owing to the drift of RF stations, even when a
feedback system with low-level radio frequency is operating. Non-destructive correlated energy spread monitoring could
offer a means to stabilize such variations and improve the performance of X-ray generation by maintaining the spectral qual-
ity. Herein, we investigated the feasibility of a non-destructive correlated energy spread monitor based on multi-stripline
electrodes for use with the 200 pC electron beam at the Pohang Accelerator Laboratory XFEL (PAL-XFEL). Beam tracking
and electromagnetic simulations indicated that the correlated energy spread up to approximately 0.1% could be measured
without intercepting the beam at the bunch compressors of the PAL-XFEL. Through the 3D FEL simulation, we confirmed
that keeping the SASE energy spectrum bandwidth to 0.05-0.15%, with a photon energy of 9.7 keV at the undulator, requires
the correlated energy spread of the electron beam to be within 0.12-0.35% at the third bunch compressor. From the simula-
tions, we conclude that the non-destructive correlated energy spread monitor based on multi-stripline electrodes is applicable
to XFEL facilities and could serve as an effective optimization tool.
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1 Introduction

X-ray free electron lasers (XFELs) generate high-brightness
coherent X-rays using high-current electron beams with
ultrashort bunch lengths [1-5]. These facilities have ena-
bled revolutionary experiments in many basic and applied
sciences. The characterization of electron beam parameters,
such as emittance, and uncorrelated and correlated energy
spreads, is crucial for achieving the best performance in gen-
erating X-rays [6].

The uncorrelated energy spread is the RMS width of
the phase-space ellipse along the energy axis after the
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time-energy correlation (imprinted by the slope of the RF
accelerating fields) is removed. The optimization of emit-
tance and uncorrelated energy spread, which is mainly done
in photocathode gun, can decrease the gain length, result-
ing in a shorter total undulator length for the saturation of
the X-ray amplitude in normal self-amplified spontaneous
emission (SASE) operation [7]. In contrast, by adjusting the
RF phases of the linear accelerators, the correlated energy
spread is optimized to produce a high spectral brightness
from a narrow SASE spectrum. With the optimum corre-
lated energy spread, the high-peak-current electron beam
produced by reducing the bunch length through a magnetic
chicane bunch compressor compensates for the loss of beam
energy driven by the wakefields along the long undulator.
Thus, the best X-ray performance, determined by the spec-
tral brightness and bandwidth, can be achieved by optimiz-
ing those electron beam parameters.

The correlated energy spread is usually determined from
the measured horizontal beam distribution by the screen
monitor inserted in the bunch compressor. Whereas the
accuracy of this destructive method is quite satisfactory, it
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cannot be used for a real-time feedback system to the cor-
related energy spread because it stops the beam propagation.

During the actual operation, however, the correlated
energy spread can vary from the optimized condition
because the RF station of the accelerating columns drifts,
even though a feedback system for the low-level radio fre-
quency (LLRF) is in operation. To control the correlated
energy spread, the phase and amplitude of the RF station
for the accelerating columns must be adjusted appropriately.
With real-time monitoring of the correlated energy spread
in a non-destructive manner, the RF station could be oper-
ated to maintain the correlated energy spread at the optimum
condition.

In 2003, Suwada et al. experimentally demonstrated the
non-destructive measurement of energy spread for the high-
charge electron beams (0.9 nC/bunch and 8 nC/bunch) by
implementing a multi-stripline monitor at the dispersive sec-
tion [8, 9]. In the case of XFEL, the magnetic chicane bunch
compressor forms the dispersive section in the linear accel-
erator. This suggests that non-destructive monitoring based
on the multi-stripline could be applicable to XFEL facilities.

Herein, we investigated the feasibility of non-destructive
correlated energy spread monitoring for the low-charge
electron beam (200 pC/bunch) of the XFEL system at the
Pohang Accelerator Laboratory (PAL-XFEL). We per-
formed beam tracking simulations using the ELEGANT
code [10] to check the electron beam parameters at the
bunch compressors of the PAL-XFEL, and estimated the
expected range of the correlated energy spread at each bunch
compressor. In addition, we performed an electromagnetic
simulation using the CST program [11] and optimized the
multi-stripline structure following the design in [12, 13].
Then, we performed a 3D FEL simulation and compared
the spectral density of X-rays depending on the correlated
energy spread of the electron beam.

In Sect. 2, we explain the principle of non-destructive
monitoring for the energy spread of the beam, which is
based on the multipole moment expansion of the beam-
induced electromagnetic field, depending on the beam dis-
tribution. The beam distribution is affected by the energy
spread at the dispersive section and yields the second-
order (quadrupole and/or skew) moments of the electro-
magnetic field. At the XFEL facility, beam distribution
deformation due to the energy spread occurs at a bunch
compressor, which consists of four dipole magnets. We
describe the relationship between the correlated energy
spread of the electron beam and the quadrupole moment of
the distribution in Sect. 3 by using a transfer matrix. Sec-
tion 4 illustrates the signal responses of the stripline to the
quadrupole moment obtained through the electromagnetic
simulation, and compares the signal characteristics of a
flat beam with those of a round beam with a symmetric
beam cross-section. In Sect. 5, we discuss the application
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of the non-destructive correlated energy spread monitoring
to the electron beam of the PAL-XFEL. We estimated the
quadrupole moment of the beam by varying the correlated
energy spread at the bunch compressor, and investigated
its effects on the SASE spectrum at a photon energy of
9.7 keV.

2 Multipole moment analysis of a charged
particle beam distribution

A charged particle traveling through a conducting vacuum
chamber generates an electromagnetic field; thus, an image
current is induced on the inner surface of the surrounding
chamber due to the electromagnetic field. The formula for
the image current induced on the inner surface of a cylin-
drical chamber can be obtained by solving the electrostatic
potential problem in the case of a relativistic beam [14] as
derived in [15-17]. Once a particle moves parallel to the
z-axis at a position (p, ¢) in the transverse plane, it induces
a surface image current density at the chamber wall, which
is expressed as [15]
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Equation (1) describes the surface current density k induced
by a single-line current i at a transverse position (p, ¢) over
an arbitrary point (r, ) on the surface of the chamber. When
the particle moves along the longitudinal axis in the beam-
line, p is very small compared to the radius of the surround-
ing chamber r, such that p/r <« 1. This ensures that Eq. (1)
can be expanded in terms of p/r as follows [16]:

k(p, b, r,0) = Z%W[sz </—r)>ncos{n(¢—0)}]. @
n=1

For practical use, Eq. (2) must be changed into a function of
the beam distribution parameters rather than single particle
quantities. To find an expression for the density of the sur-
face image current attributed to the transverse beam distri-
bution, we replace the current delivered from a single line i
with the current density distribution J(p, ¢) as in [8], where
Lieam = / J(p, )pdpde denotes the total beam current. By
integrating Eq. (2) with the distribution function over the
region occupied by the beam (p and ¢), we obtain the den-
sity of the surface image current attributed to the beam as
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where p, is the dipole moment and describes the centroid of
the beam with a polar coordinate ¢, ¢, denotes the skew
angle when the beam is rotated in the transverse plane, and
o,(0,) is the RMS beam size along the horizontal (vertical)
axis (see Fig. 1).

The difference in the squares of the RMS beam sizes
(o-f — ¢2) defines the quadrupole moment of the beam.
The last term O(p, ¢) on the right hand side of Eq. (3)
represents the higher-order moments for n > 3, which are
assumed to be negligible. As shown in Eq. (3), depending
on the moments of the beam distribution, the current sig-
nal induced in the multi-stripline electrodes is represented
as a periodic function of the polar angle 0. To find the
moments of the beam distribution, we fit the current signal
data to an equation composed as a sum of cosine functions
as in Eq. (4), and then obtain the parameters in Eq. (3).
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Fig.1 Schematic diagram illustrating the beam cross-section and
eight-stripline electrodes around the vacuum chamber. We assume
that both the electrode and chamber surfaces are located at the radius
r. In Ref. [8], the eight striplines were tilted by 22.5° with respect to
the configuration here, to prevent any synchrotron radiation and off-
energy electrons from impinging on the electrode surfaces. In our
application, the expected charge is much lower; thus, we chose the
present configuration to increase the signal sensitivity

+ (A%/2A0) cos2(6 —B) + A, cos2(0 — B,). @)

It can be seen that the fitting parameter A, is directly related
with the quadrupole moment in Eq. (3). Further details on
Egs. (3) and (4) can be found in Appendix A.

In this study, we consider implementing eight-stripline
electrodes for reconstruction of the quadrupole moment of the
beam at the bunch compressor, which could provide valuable
information on the correlated energy spread of the XFEL facil-
ity. The detailed relationship between the quadrupole moment
and the correlated energy spread at the bunch compressor is
presented in the next section.

3 Quadrupole beam moment and correlated
energy spread at bunch compressor

In this section, we derive a mathematical expression for the
quadrupole beam moment in a magnetic-chicane bunch com-
pressor by using a transfer matrix R. The transfer matrix maps
the beam coordinates from the entrance of the bunch compres-
sor to the measurement position in the dispersive section. We
consider the horizontal plane to be the bending plane for the
bunch compressor, which consists of four dipole magnets. The
position coordinates at the measurement point in the bunch
compressor can then be obtained in terms of the matrix ele-
ments R;; as

AE
x:R11x0+R12x6+R16E—, )
0

y =R33y0 + R3,Y;, (6)

where x, and x; (¥, and y;) are the horizontal (vertical) posi-
tions and divergences, respectively, at the entrance of the
bunch compressor, and AE/E|, is the fractional energy devia-
tion. Detailed expressions for the matrix elements R;; can be
found in Appendix B.

The quadrupole moment (0)% - o-yz) is expressed as

ol — —R26<(AE/EO)2>
+ exO(ﬂxORll + Yxosz - 2R11R120‘x0) @)
€y0(BoR3; + 1,0R3, — 2R33R4t,0).

where (a,, By, Y1) and (ayg, By, v,9) are the horizontal and
vertical Twiss parameters, respectively, and €,, and € are
the horizontal and vertical RMS emittances at the entrance
of the bunch compressor, respectively. Here, ((AE/E)*)
denotes the square of the correlated energy spread averaged

over the beam distribution. Because o, = 1/{(AE/E,)?), we
rewrite Eq. (7) for o; as a function of (67 — oyz):
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Therefore, substituting the well-characterized emittances
and Twiss parameters at the entrance of the bunch compres-
sor into Eq. (8), the quadrupole moment reconstructed in the
bunch compressor can provide the correlated energy spread
of the electron beam.

4 Signal responses of striplines
to quadrupole beam moment

In this section, we present an estimation of the signal
responses of the striplines to the quadrupole moment of
the beam by performing electromagnetic simulations using
the CST software package [11]. We optimized the structure
of the striplines using the dimensions listed in Table 1,
following the design concepts given in [12, 13]. Then,
we generated a Gaussian electron beam with a charge of
200 pC and bunch length of 10 mm in the simulation, and
transported it through the structure illustrated in Fig. 2. To
conveniently change the values of the quadrupole moment,
we loaded two particle sources separated by a distance that
was directly related to the quadrupole moment (see Fig. 2).
We then estimated how the eight-stripline beam position
monitor (BPM) responds to the quadrupole moment of
the beam, and determined the signal difference between
the cases of the elongated (7 > ¢7) and round (o7 = ay2)
beams .

In the simulation, we ensured that the beam centroid
remained at the center of the chamber. In this way, we
excluded any contribution from the dipole moment p,, as
shown in Eq. (3).

Considering this, we first estimated the response of the
stripline to a single round beam, which is simply a single
particle source at the center with o-f = Gyz and vanishing
quadrupole moment.

Table 1 Design parameters of the eight-stripline beam position moni-
tor. The stripline design was optimized following Ref. [12]

Parameter Value
Outer radius (mm) 22
Inner radius (mm) 19
Opening angle (°) 23
Electrode thickness (mm) 1
Electrode length (mm) 120
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Fig.2 In the CST simulation, a beam composed of two particle
sources was generated around the center of stripline structure. These
sources were separated by a distance that is directly related to the
quadrupole moment

Compared with this result, we then evaluated how the
signal response would change when a quadrupole moment
was induced.

A parameter condition, py, = ¢y = Py, = 0, Was set in
the simulation. The quadrupole moment was varied from
0.01 to 0.25 mm? by changing the distance between the
two particle sources, and the voltage signal of the stripline
was estimated. The range of quadrupole moments used in
the simulation covered the lower limits of the quadrupole
moments expected at the bunch compressors of the PAL-
XFEL, which are discussed in the next section.

Figure 3 shows the simulation results for electron beams
of 50 pC and 200 pC bunch charges and 10 mm Gaussian
bunch length. Here, V,, and Vj, represent the amplitudes in

3L ® 50pC
% [ e 200pC o
=2F
r [ ]
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I 1L °
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Fig.3 The voltage signal response of the stripline contributed by the
quadrupole moment of the beam distribution. In this case, a stripline
was placed along the positive x-axis. Here, V, and V}, represent the
stripline responses in the voltage signal to the elongated beam with
a finite quadrupole moment and to the round beam, respectively. The
difference of (V,, — V) is approximately linearly proportional to the
quadrupole moment when p, = ¢ = ¢y, = 0. Based on the simu-
lation, we estimate that the bunch charge of 50 pC and quadrupole
moment of 0.01 mm? are the lowest levels in which the proposed
method would work
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the voltage signal to the elongated beam with a finite quad-
rupole moment and to the round beam, respectively.

The signal was detected by a stripline placed exactly on
the positive x-axis as shown in Fig. 2. Hence, when the beam
is elongated, the quadrupole moment increases and the sig-
nal amplitude of this stripline is affected most strongly. Fol-
lowing Eq. (3) in Sect. 2, we can see that the difference of
(Vo — V) shown in Fig. 3 is approximately linearly propor-
tional to the quadrupole moment when py = ¢y = Py, = 0.

This result indicates that the quadrupole moment of the
beam causes the difference in the voltage amplitude with
respect to the round-beam case. For example, voltage ampli-
tudes of 70 'V (50 pC/bunch) and 200 xV (200 pC/bunch)
were obtained when the quadrupole moment was 0.01 mm?2.

Taking the noise signal of ~ 10 uV due to the RF system
into account, such signal differences can be considered as
lower limits for distinguishing the quadrupole moment of a
beam distribution with the MicroTCA-based electronics used
in the PAL-XFEL [18, 19].

According to [20], however, the beam distribution can
be tilted in the transverse plane at the bunch compressor so
that we have ¢, # 0. In such a case, the signal difference
attributed by the elongated beam with a finite quadrupole
moment is seen at the stripline placed along a diagonal axis.
In other words, for the general case, the quadrupole moment
of the beam distribution needs to be measured along with the

Fig.4 Preliminary experimental setup (a) and measurement results
(b). The multi-stripline was installed behind the dipole magnet and
followed by the screen monitor. Electron beams (red arrow) of 4 MeV

dE/E (%)

skew angle ¢, and this can be achieved with the proposed
multi-stripline BPM.

As for a preliminary experiment, we fabricated the multi-
stripline BPM and installed it in the RF photo-injector test
facility of the PAL as shown in Fig. 4a. The BPM was
located at the downstream of the dipole magnet and the
screen monitor with a material of YAG:Ce was following
by a distance of 0.25 m. We produced a 70 pC electron beam
with the photocathode and accelerated it to 4 MeV through
the S-band cavity (2.856 GHz) at the gun. We then varied
the quadrupole moment at the multi-stripline by changing
the RF phase of the gun cavity. We measured the variation
of quadrupole moment by means of the multi-stripline BPM
and screen monitor. Figure 4b shows the preliminary results
for the 70 pC electron beam. By comparing the measurement
results from both systems, we confirmed the feasibility of the
multi-stripline BPM for measuring the quadrupole moment.

5 Application to electron beam of PAL-XFEL

The PAL-XFEL consists of three bunch compressors, as
shown in Fig. 5. Figure 5 also describes the diagnostic
system and the measured transverse beam profiles, which
are stretched along the horizontal direction owing to the
correlated energy spread at the bunch compressor. The

N
o

&-\ E —— multi-striplinep —— screen
é 3O}M
Nb>, 20?

| L
w1 o)

0150 155 160 165 170
Gun Cavity Phase (deg.)

and 70 pC were used in this test. The standard errors for the multi-
stripline measurements are approximately 7%

dE/E (%)
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Fig.5 Schematic of the PAL-XFEL. The insets are measured dis-
persive beam profiles at the center of the bunch compressors. BPM:
beam position monitor, 8S-BPM: eight-stripline BPM, COL: colli-

x (mm)

N

mator, SF: slotted foil, SCM: screen monitor, LH: laser heater, BC:
bunch compressor, UND: undulator, L0-4: accelerating section
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bunch compressors are operated with the parameters listed
in Table 2 [21], which also summarizes the electron beam
parameters at each bunch compressor entrance, including the
correlated energy spread op.

With the parameters in Table 2, we performed tracking
simulations using the ELEGANT code [10] to calculate the
quadrupole moments with varying correlated energy spread.
We generated an electron beam of 200 pC with the Twiss
parameters, as listed in Table 2, and transported it through
the bunch compressor. Then, we estimated the quadrupole
moment in the bunch compressor by varying the correlated
energy spread oy at the entrance of the bunch compres-
sor from the typical values specified in Table 2. We kept
the emittance and Twiss parameters unchanged. Although
those parameters could have a bunch-to-bunch fluctuation of
about +10%, such jitters contribute negligibly small to the
quadrupole moment. That is, the correlated energy spread
is directly related to the quadrupole moment at the bunch
COMPpIessor.

The simulation results are shown in Fig. 6 for each bunch
compressor. Figure 6 shows that the quadrupole moment is
greater than approximately 0.05 mm? which is expected at
the bunch compressor 3. This lower limit of the quadrupole
moment was obtained with a correlated energy spread of ~
0.1%. According to Fig. 3, the quadrupole moment of 0.05
mm? induces a voltage signal difference of approximately
1 mV compared to the round beam. We anticipate that the
degree of the quadrupole moment at the bunch compressors
of the PAL-XFEL would create a sufficient signal intensity
to monitor the correlated energy spread of an electron beam
using the stripline.

At the PAL-XFEL, during normal operation based on the
SASE process, the typical spectral bandwidth of the X-ray
pulse is approximately 0.1%. However, this bandwidth can
vary because the phase and amplitude of an RF station
drift depending on environmental conditions, even when
the LLRF feedback system is applied. The drift in the RF
system changes the correlated energy spread at the undula-
tor, thus affecting the SASE bandwidth of the X-ray pulses.
Therefore, when non-destructive energy spread monitoring
at the bunch compressor is possible, we could estimate the
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Fig.6 Quadrupole moments evaluated between the second and third
bending magnets as a function of the correlated energy spread at a
bunch compressor 1, b bunch compressor 2 and ¢ bunch compressor 3

correlated energy spread of an electron beam at the undula-
tor as well, which will be useful for improving the online
SASE bandwidth.

We simulated three cases of electron beams with different
energy spreads at the bunch compressor 3 (0.12, 0.25, and
0.35%), as listed in Table 3. Accordingly, the quadrupole
moments at the third bunch compressor and the correlated

Table 2 Electron beam
parameters at each bunch

Bunch compressor 1

Bunch compressor 2 Bunch compressor 3

: normalized

COMPICSSOL. €,y €1/ €4y (um/ pm) 0.5/0.5
horizontal and vertical
emittance, @, ., f,,: Twiss o/ % 2.54/1.04
> Cxys Pxy: O
parameters at the entrance, B/ B, (m/m) 28.3/4.20
E,: mean energy, o;: RMS E, (GeV) 0.35
correlated energy spread, D, : or (%) 23
dispersion function for each D. (m) _04
bunch compressor, §: bending "o )
angle of a dipole magnet, Rs: 6 4.97
bunch compressor parameter Rs¢ (mm) —-66.7

0.5/0.5 0.5/0.5
2.48/0.15 2.67/-0.09
39.5/6.96 47.8/11.9
2.5 3.4

0.8 0.25

-0.35 -0.22

3.0 1.6

-36.7 -11.6
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Table 3 Correlated energy spreads and the corresponding transverse
beam parameters at bunch compressor 3 (BC3) and the undulator
(UND)

Case 1 Case 2 Case 3
o,/o,at BC3 (mm) 0.28/0.04  0.55/0.04  0.76/0.04
o2 — O'f at BC3 (mm?) 0.08 0.30 0.57
Energy spread at BC3 (%) 0.12 0.25 0.35
Energy spread at UND (%) 0.05 0.10 0.15
Beam energy at BC3 (GeV) 3.5 35 35
Beam energy at UND (GeV) 8.5 8.5 8.5

=
<

— = 0.06 % (Exp.)

— 0.05%

— 0.10%
0.15%

o o o
i~ ) o

Intensity (arb. units)

e
8}

0.0

| | | | 1 I
—0.50 -0.25 0.00 0.25 0.50 0.75
(AE/Eo)ph (%)

Fig.7 SASE FEL spectra with different correlated beam energy
spreads at the central photon energy of 9.7 keV; simulations: 0.05,
0.1, and 0.15% (solid lines), experiment: 0.06% (dashed line). The
parameters in Table 3 are used for the 3D FEL simulations. Here, the
simulation results are shown after averaging over ten shots, while the
experimentally measured data was averaged over 100 shots. In the
experiment, the intrinsic shot-to-shot fluctuations of intensity and
spectral bandwidth are normally in the range from 10 to 20%. The
wakefield effects in the undulator are also included in the 3D FEL
simulations

energy spread at the undulator were calculated. In Sect. 4,
we confirmed that these quadrupole moment levels can be
measured using the proposed eight-stripline BPM system.
We performed 3D FEL simulations to observe the effects in
the SASE spectrum according to the three cases of corre-
lated energy spread at the undulator (0.05, 0.10, and 0.15%),
with a central photon energy of 9.7 keV. A beam energy of
8.54 GeV, an uncorrelated energy spread of 1.5x 107, a
beam charge of 180 pC, and a peak current of 3 kA were
used for the simulations. Figure 7 shows the simulated spec-
tra of hard X-ray pulses for different cases of the correlated
energy spread at the undulator (solid lines), along with the
experimental data for 0.06% energy spread case (dashed
line).

Considering approximately 10-20% of error bar, we note
that the measured spectrum with 0.06% case lies approxi-
mately in between the 0.05 and 0.10% simulation cases. The
0.05% energy spread case results in a spectral intensity almost
three times higher than that in the 0.15% case. To keep the
spectral intensity optimized during operation, the correlated

energy spread should be corrected before the undulator. There-
fore, the proposed non-destructive energy spread monitor can
be an effective tool for providing the best X-ray pulse quality
by correcting the energy spread at the undulator.

6 Conclusion

In this paper, we proposed a non-destructive correlated energy
spread monitoring system based on a multi-stripline BPM,
and numerically investigated its feasibility for use in XFEL
facilities. With the tracking simulation for the electron beam
of the PAL-XFEL, the quadrupole moment was numerically
estimated to be greater than 0.05 mm? at the bunch compressor
when the correlated energy spread varied by approximately
+0.1% from the normal operation.

According to the electromagnetic simulation, the stripline
responds to the quadrupole moment of 0.05 mm? for the 200
pC electron beam by about 1 mV in the voltage difference.
Hence, while measuring the correlated energy spread of the
electron beam at the bunch compressor 3 would be rather chal-
lenging, we expect that it is feasible at least at the bunch com-
pressors 1 and 2 using modern MicroTCA-based electronics
[22]. Indeed, the experimental results in Fig. 4b demonstrate
that our measurement system covers the quadrupole moment
ranges expected for the first and second bunch compressors.
The 3D FEL simulation shows that non-destructive correlated
energy spread monitoring offers the possibility to enhance the
quality of X-ray generation by maintaining optimized con-
dition for the electron beam parameters. In conclusion, we
believe that this type of non-destructive correlated energy
spread monitor is applicable to the electron beams of modern
XFEL facilities, and can serve as a unique tool for controlling
the X-ray spectrum.
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Appendix A: Surface image current density
induced by a two dimensional Gaussian
beam distribution

We have the series representation of Eq. (2) as

k(p, ,r,0) =—— x |1+ g()c0050 + ysin9)
2xr r

2 .
+ r—z{(xz—yZ)c0520+2xysm29} (A1)

+ O(p, d))] ,
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with x = pcos ¢ and y = p sin ¢. After replacing the single-
line current i with the beam current density distribution J,
we obtain

K(x,y,r,G)z//dxdy

1+ g()ccos¢9 + ysin6)
r

+ %{(x2 —y")cos20 +2xysin20}  (A2)
J >
+ 0| 2

Now, we assume that the beam current density distribution is
a two-dimensional Gaussian function in the following form:

I
Jxy) =5 exp [ — alx - x,)
xZy

(A3)
—2b(x — xo)()’ - yo) —c(y— )’0)2] s

where the constants a, b, and ¢ are given by

2 )
cos d)skew S ¢skew
a= )
202 202
x y
_sin 204w SIN 20y
402 402
X y
;2 2
_Sln ¢skew cos ¢skew
207 202
x ¥
Here, ¢, is the tilt angle of the beam in the transverse

plane, and (x;, y,) denotes the beam centroid. Substituting
Eq. (A3) into Eq. (A2) and performing the double integral
give

I . 2
K(r,0) =% x |1+ % cos(0 — ¢y)
2p(2) of - 6y2
+ —5- €08 2(0 — ¢) + 2——5—c05 2(0 + Py,
T T
+ O(p, ¢)] .

(A4)

Here, x, = p,cos ¢, and y, = p,sin¢,. By introducing
a calibration factor C, we can define the following fitting
parameters for the voltage signal response of the stripline
in Eq. (4):

Ib
A =C eam’ A
0 2rr (AS)
2
Ay =2, (A6)
r
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0'2—0'2

x y
Ay A2 (A7)

We note that the fitting errors in A, and A, are propagated
into the determination of (o-f - 03).

Appendix B: Transfer matrix for bunch
compressor

The bunch compressor consists of four dipole magnets with
bending radius and angle p and 6, respectively, with an arc
length of Ly = pf. The first and second (third and fourth)
magnets are separated by the distance of d, and the third
follows the second by the distance ¢ as illustrated in Fig. 8.

Each magnet is treated as a combination of the sector and
wedge magnets, with the matrix representations given in
Egs. (B1) and (B2), respectively, where the horizontal plane
is the bending plane.

_cose psind 0 0 0 p(l —cosB) ]
# cos 8 000 sin 8
0 0 1 p6 0 0
MSCCtO]'= O 0 O pl 0 O ’
sinf p(1—cosf) 0 0 1 — p(@ —sinBh)
0 0 000 1 )
(B1)
and
[1 0 0 000]
‘az" 1 0 000
00 1 000
MWCdgC = 0 0 _ M 1 O 0 . (BZ)
)
00 O 010
00 O 001

The transfer matrix for any position in the bunch compres-
sor can then be determined by matrix multiplications. For
the multi-stripline position (assuming that the multi-stripline
BPM is located just in front of the third bending magnet to
maximize the signal sensitivity), the corresponding transfer
matrix is determined as follows:

Fig.8 Schematic diagram of a bunch compressor
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M =MD(f) ' Msector(_p’ —0) - Mwedge(_p’ —0):

B3
Mp(d) - Moyoiqe(p, 0) - My (5, 0), (B3)

where M}, denotes the transfer matrix of the drift space.
By evaluating Eq. (B3), we obtain a matrix in the form

Ry Ry 00 Rys Ryg
Ry Ry 0 0 Rys Ryg
0 0 RyRy 0 O
0 0 RyRy 0 O
Rs; Rs; 0 0 Rss Rsg
[Ro1 Rex 0 0 Res Reg |

(B4)

where the explicit expressions for each element are given as
Ry =Ry = Rs5 = Res = 1,
Ris =Ry = Rys = Ry = R5; = Rg; = Rgp = Rg5 = 0,

cos2 6

R =L(2p —2pcos B + dtan6),
cosd

2
Ry =1 — 20tan6 — (d+2¢)tan 0 d(¢ + pO)tan- 0

k)

p p?
Ry =(d+7 +2p0) —2(d+ ¢ + pb)6tan 6
2
_ df tan 0 +(f+p0)d0tan 9’
2tan® dtan? 0
Ry3 =~ t—
p P

d(l — ftanf)tan o
) )

Ry =1-260tanf —

Rs, :L(Zp —2pcosf +dtan @),
cos 6
Rsg = —2p0 +2ptan § + d tan” 0.

By substituting these expressions into Eq. (7) in Sect. 3, we
obtain an explicit relation between the quadrupole moment
and the correlated energy spread of an electron beam at the
bunch compressor. Therefore, using the well-characterized
RMS emittances and Twiss parameters, the reconstruction
of the quadrupole moment provides the correlated energy
spread of an electron beam at the XFEL facility.
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