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Coherent synchrotron radiation (CSR) is a collective effect that mainly occurs when the trajectory of an
electron beam is bent in a dipole magnet. It affects the electron beam by distorting the phase space along
its slice distribution, which leads to emittance growth. Therefore, CSR should be suppressed to transport
electron beams without further degradation of the emittance. In linear optics, CSR-induced emittance can
be suppressed by controlling the Twiss parameters along the electron-beam transfer line. However, owing
to some physical constraints, transfer-line optics may be governed by higher-order terms in the transfer
map, and the use of a sextupole magnet to suppress these terms would be very challenging for low-energyspread and low-emittance beams. Therefore, without using a sextupole magnet, we estimate the region of
the Twiss parameters where the first-order terms are dominant along the transfer line by introducing
chromatic amplitude. In this region, we can apply the suppression condition that is valid in a linear matrix
system. This minimization of the emittance growth becomes even more important when the electron-beam
transfer line is used for external injection into a plasma wakefield because mismatched beam conditions
could induce an additional increase in the emittance during the acceleration. In this paper, we discuss a
method of emittance-growth minimization driven by the CSR effect along the transfer line, which is
particularly used for electron-beam injection into plasma wakefields. In addition, using the particle-in-cell
simulation, we investigate the evolution of electron beam parameters during the acceleration through
plasma wakefields in the presence of the CSR effect on the electron beam. We confirm that the beam
emittance growth is minimized when the CSR effect is properly controlled. Otherwise, it is found that
11%–32% emittance growths by the CSR effect along the transfer line lead to additional 20%–40%
increase of the maximum slice emittance.
DOI: 10.1103/PhysRevAccelBeams.24.021301

I. INTRODUCTION
A low-emittance, low-energy-spread, short bunchlength, and high-peak-current electron beam is essential
for high-quality x-ray generation [1,2] and future highenergy physics facilities such as electron–positron colliders
[3,4]. For the manipulation and transport of such a highquality electron beam, bending dipole magnets are widely
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used in several stages of the beamline. When the trajectory
of the electron beam is bent through a dipole magnet,
coherent synchrotron radiation (CSR) is emitted [5], which
in turn affects the electron beam. CSR is a collective effect
that drives the distortion of the phase space along the beam
slice. Therefore, it leads to an increase in the projected
emittance and further distortion of the energy distribution.
In order to transport the beam without further growth in the
emittance and energy change, the CSR effect should be
controlled.
In the case of free electron laser (FEL), the CSR effect
in a bunch compressor has been actively investigated [6–9].
In particular, a collimator has been used in the bunch
compressor to remove the double-horn-shaped energy
distribution generated by the CSR effect and to minimize
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the emittance growth, thereby improving the x-ray quality
[10,11]. Likewise, in the beam-driven plasma wakefield
acceleration by using the external injection scheme for the
electron beam loading, the suppression of the CSR effect
becomes also an important issue to be investigated, since
one of the challenging issues of plasma wakefield acceleration research is to preserve the emittance of the
accelerated electron beam [12–14]. Therefore, we carried
out not only the studies on the suppression of the CSR
effect along the electron beam transfer line, but also
performed the particle-in-cell (PIC) simulation to verify
whether the CSR effect leads to additional increase of
emittance and RMS energy spread during acceleration
through the plasma wakefield.
The suppression of the CSR effect has been actively
studied. First, it was shown that the shielding of the
radiation by installing metallic plates inside the dipole
magnet or by controlling the longitudinal bunch shape
can reduce the emittance growth driven by the CSR effect
[15–17]. In addition, both measurements and particle
tracking simulations have shown that the emittance growth
is well suppressed by controlling the phase advance (optics
balance) or by matching the linear Twiss parameters
between dipole magnets (envelope matching) [18–25]. In
both cases, the CSR effect is considered a linear kick and
one of the additional dispersive terms associated with the
dipole magnet in the linear transfer matrix system. Thus,
prior studies have mainly discussed the transfer-line optics
dominated by the first-order transfer matrix only. However,
in some cases, the transfer-line optics is governed not only
by the first-order transfer matrix, but also by higher-order
terms that generally produce nonlinear effects. For example, aberration due to the large β function of the Twiss
parameters and the energy spread of the beam can contribute to the phase-space evolution. In order to apply
the suppression method found in preceding studies for
minimizing CSR-induced emittance growth, we need to
(i) design a transfer line dominated by the first-order matrix
system or (ii) find an optimum operating condition in the
presence of higher-order components in the transfer line. In
this study, we mainly focus on the latter approach.
An achromatic dog-leg electron-beam transfer line and
beam parameters are introduced in Sec. II. In Sec. III, the
method to minimize the CSR-induced emittance growth in
the linear transfer matrix system is discussed. Since we
focus on the suppression of the CSR-induced emittance
growth in a higher-order-dominated transfer line, in Sec. IV,
we introduce the chromatic amplitude and concatenation of
the transfer map to find the source of the emittance growth
from both higher-order terms and the CSR effect. We also
discuss the CSR-induced emittance growth in rectangular
dipole magnets that have edge focusing terms and with
various longitudinal beam shapes in addition to the
Gaussian shape. In Sec. V, considering various conditions
for an electron beam extracted from the achromatic dog-leg

transfer line, we present the evolution of the emittance,
slice distribution and longitudinal phase space during the
acceleration through plasma wakefields in the presence of
the CSR effect on the electron beam. Finally, we conclude
in Sec. VI that the emittance growth can be minimized once
the CSR effect is well suppressed before injection.
II. ACHROMATIC DOG-LEG EXTERNAL
INJECTION INTO A PLASMA WAKEFIELD
To discuss CSR-induced emittance growth, an achromatic dog-leg electron-beam transfer line is introduced.
It consists of two horizontal bending dipole magnets with
five quadrupole magnets to make dispersion negligible.
Figure 1 shows a schematic view of an achromatic dog-leg
transfer line with two plasma sources, which was inspired
by the future requirements of the AWAKE experiment
[26,27]. In the first phase of the AWAKE experiments
(RUN 1), it was demonstrated for the first time that the
energy gain of an electron beam accelerated through a
proton-beam-driven plasma wakefield is up to 2 GeV [28].
For the next AWAKE experiment (RUN 2) [29], the first
plasma source is planned to be used only for the
seeded self-modulation (SSM) of proton beam [30], and
the following plasma source is to be used only for the
generation of high-gradient plasma wakefields and
electron-beam acceleration. Therefore, two plasma sources
are placed, between which the electron-beam transfer line is
installed. Note that the transfer line presented in this paper
serves the purpose of studying the emittance growth due to
CSR and its consequences on further injection into plasma
wakefields, but it does not represent the current baseline
solution for the RUN 2 experiment. Some physical constraints should be considered in this configuration. First, the
distance between two plasma sources should be as short as
possible to maintain the accelerating gradient from the
proton bunches [31]. Therefore, the angle of the bending
dipole magnet cannot be made too small (i.e., less than 10°)
to reduce the distance. In addition, because the quadrupole
magnets are installed along the achromatic dog-leg transfer
line, overlap between the first plasma source and quadrupole magnets must be avoided. Moreover, the drift length
between the second dipole magnet and the last quadrupole
magnet should be sufficiently long. The drift space is
marked by a red arrow in Fig. 1.

FIG. 1. Schematic view of an electron-beam transfer line with
two plasma sources (not to scale). Note that the transfer line in
this schematic view is not the AWAKE baseline design but a
simplified generic variation to study CSR effects.
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III. SUPPRESSION CONDITION WITH THE
FIRST-ORDER TRANSFER MATRIX

Electron beam parameters.

Parameter

Value

Energy, E
Energy spread, σ δ
Charge, Q
Bunch length, σ z
Normalized emittance, ϵn

165 MeV
0.1%
100 pC
60 μm (200 fs)
2 mm mrad

In this study, it is assumed that the dipole magnet is a
sector bending magnet with an arc length of 0.2 m and a
bending angle of 10°. The magnetic length of the quadrupole magnet is assumed to be 0.2 m. The distance between
the second dipole magnet and adjacent quadrupole magnet
is set to 2.5 m. The electron beam parameters are listed in
Table I. The beam energy used for the simulation is
165 MeV. The nominal beam charge is 0.1 nC, and the
root mean square (RMS) bunch length is 60 μm. The RMS
energy spread is assumed to be 0.1% without chirp, and the
beam has the longitudinal shape of a Gaussian distribution
with a cutoff boundary of 3σ z . The normalized emittance is
assumed to be 2 mm mrad. Concerning the Twiss parameters before entering the achromatic dog-leg, they are
considered as variables because the suppression condition
of the CSR-induced emittance growth should first be found
by controlling the Twiss parameters.
Figure 2 shows the Twiss β and dispersion functions
along the transfer line, with the initial Twiss βx function of
0.1 m and αx function of 0 at the center of the first dipole
magnet. The dispersion function becomes zero after the
transfer line, which is the main characteristic of the
achromat. The transfer-line optics is made symmetric about
the center of the third quadrupole magnet to easily satisfy
the achromatic condition.
The next task is to find the optimum optics condition for
suppressing the CSR-induced emittance growth. Although
we eventually aim to minimize the emittance growth in
higher-order terms dominated beamline, we start the discussion with the first-order optics system for a comparative study.
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FIG. 2. Twiss β and dispersion functions along the transfer line.

In a linear matrix system, the emittance remains at its
initial value if the dispersion is completely suppressed. In
this system, a possible source of emittance growth is the
collective effect, which is the CSR effect. Following
Ref. [23], with envelope matching to minimize the emittance growth, the CSR-induced emittance growth in the
linear system is described as
ϵx;f ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ϵ2x;0 þ ϵx;0 dϵx ;

ð1Þ

where ϵx;0 in Eq. (1) is the initial geometrical emittance and
dϵx is the fractional growth of the geometrical emittance
driven by the CSR effect. If the Twiss parameters satisfy the
following condition, dϵx becomes zero:
 
2αx
2θ
;
¼
βx
ρð−2 þ θ CS 1 Þ

ð2Þ

1

where βx and αx are the horizontal Twiss parameters at the
center of each dipole magnet, respectively; θ is the bending
angle; ρ is the bending radius; C1 is cosðθ2Þ; and S1 is sinðθ2Þ.
It is assumed that the initial Twiss βx functions at the
center of the first (denoted as 1) and second (denoted as
2) dipole magnets are identical (βx;1 ¼ βx;2 ¼ βx ). Similarly,
αx;1 ¼ −αx;2 ¼ αx , and θ1 ¼ −θ2 ¼ θ. Since the achromatic dog-leg transfer line consists of horizontal bending
dipole magnets, CSR mainly affects the horizontal-beam
phase space. Therefore, the Twiss parameters in the
horizontal plane are controlled to minimize the effect,
and βx and αx will be denoted as β and α, unless otherwise
indicated. Note that Eq. (2) is obtained using the additional
assumption that the CSR kick and the induced RMS energy
spread can be calculated using the steady-state mode only.
According to Eq. (2) and with the given parameters of the
dipole magnet mentioned in Section II, the required Twiss α
is approximately −3 if the initial Twiss β function is 0.1 m.
This condition has been studied using ELEGANT code [32],
which supports 1D CSR calculations [7] based on the
equations reported in [5]. In addition to the steady-state
CSR effect, the present study considers the transient effect
at the entrance of the dipole magnet, and radiation effect
occurring when the beam propagates to the drift space
immediately after the dipole magnet.
In this case, only the first-order matrix system has been
used in the ELEGANT tracking simulation. The simulation
result of the CSR-induced emittance growth is shown in
Fig. 3. In this parametric scan, the initial Twiss β function
is fixed to 0.1 m, while the Twiss α function is varied from
−4 to 4. The initial position of the beam propagation is
in front of the first dipole magnet, and the final emittance
was recorded immediately after the second dipole magnet.
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TABLE II. Final normalized emittance from the achromatic
dog-leg transfer line. Before entering the dog-leg transfer line, the
initial beam emittance was 1.936 mm mrad.

1

Twiss β (m)
Twiss α (rad)

0.1 0.1
−3.0 0.0

0.1
1.0

0.1
4.0

3.0
0.0

5.0
0.0

Final ϵnx (mm mrad) 1.936 1.942 1.947 1.966 2.093 2.170
Growth ratio (%)
0.00 0.31 0.57 1.55 8.11 12.09
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FIG. 3. Emittance growth ratio as a function of initial Twiss α
obtained by ELEGANT simulation. In this scan, initial Twiss β is
fixed to 0.1 m.

As expected from Eq. (2), the emittance growth is minimized when initial Twiss α ∼ −3.
The emittance growth was also scanned by changing the
initial Twiss β function together with the initial Twiss α
function, as illustrated in Fig. 4. The contour plot shows the
growth ratio obtained by the ELEGANT tracking simulation,
whereas the lines indicate the ratios calculated by the linear
suppression condition. In this Twiss α range, it is confirmed
through Fig. 4 that the evaluated ratios using the theoretical
model with only the linearized steady-state CSR mode is
almost identical to the tracking result where all the CSR
effects are considered. For the given dipole magnet parameters such as the arc length of 0.2 m and bending angle of
10 degrees, the required Twiss α is −29.985β which can be
estimated by Eq. (2). Therefore, once the initial Twiss β
function is increased, the initial Twiss α function should
also be increased to suppress the emittance growth caused
by the CSR effect. If the initial Twiss β function is set to
5.0 m, the required Twiss α function is −149.925. Once the
initial Twiss α function satisfies the linear suppression
condition, the emittance growth is perfectly zero. Here,
only the linearized steady-state mode of the CSR effect is
4

considered. On the other hand, the ELEGANT tracking
simulation indicates that the emittance growth becomes
0.93%. It is due to the additional CSR effects such as the
transient effect, non-linear effect of the steady-state mode,
and CSR drift. Therefore, in the small Twiss α range as
illustrated in Fig. 4, the emittance growth becomes significant as the initial Twiss β function increases. Table II
lists the normalized emittance from the achromatic dog-leg
transfer line with various conditions of the Twiss parameters. Because the initial distribution before entering the
transfer line is truncated owing to the cutoff boundary
of 3σ, the initial emittance is slightly reduced from the
nominal value of 2 mm mrad to 1.936 mm mrad.
Figure 5 shows the slice distributions of the electron
beam for further discussion of the emittance growth due
to the CSR effect. The slice distributions are shown for a
reference case not including the CSR effect, a case in which
the CSR effect is included but fully suppressed, and a
case in which the CSR effect is not properly suppressed.
Compared to the reference case, one can see that the phase
space is aligned with respect to each slice once the CSR
effect is fully suppressed. However, a significant distortion
of the beam-slice distribution can be observed if the CSR
effect is not fully suppressed. Because the degradation
of the energy spread due to the CSR kick is inherently
nonlinear and related to the longitudinal beam distribution
(for details, see Ref. [7]), the slice distribution is nonlinearly distorted, leading to an increase in the area of the
projected phase space. Therefore, the suppression of the
CSR effect is important to avoid the emittance growth as
well as the distortion of the slice distribution.
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FIG. 4. Emittance growth ratio for a wide range of initial Twiss
β and α obtained by ELEGANT tracking simulation. Solid lines
indicate the ratios calculated by the linear suppression condition
obtained from Eqs. (1), (2) [23].

FIG. 5. Beam-slice distribution with various conditions.
(a) Reference case in which CSR is not included. (b) CSR is
included but fully suppressed by optimizing the Twiss parameters
to achieve zero emittance growth. (c) CSR is included and not
suppressed, resulting in an emittance growth of 10%. The beam
head is placed at negative t, and the tail is placed at positive t.
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IV. SUPPRESSION CONDITION WITH
HIGHER-ORDER TERMS OF THE
TRANSFER MAP
In the previous section, we showed that the CSR-induced
emittance growth can be simply minimized by controlling
the Twiss parameters in the linear transfer matrix system.
However, because the beam has a finite energy spread,
chromatic aberration in the quadrupole magnet should also
be considered. Moreover, owing to the physical constraints
of the transfer line, higher-order terms on the transfer map
may play a significant role in the evolution of the beam
phase space. One of the ways to eliminate the contribution
of the aberration effect is by using a sextupole magnet [33].
However, it introduces additional higher-order terms due
to the nonlinearity of the field components, leading to a
mismatch of the Twiss parameters along the slice energy
distribution. Therefore, this section discusses the minimization of the CSR-induced emittance growth for a case
without sextupole magnets. Following each subsection, we
investigate the suppression condition when the higher-order
terms are dominant along the transfer line.
A. CSR-induced emittance growth with higher-order
terms of transfer map
The transfer map with second-order contributions [34] is
expressed as follows:
Xi ¼

6
X
j¼1

Rij Xj ð0Þ þ

6 X
6
X

T ijk Xj ð0ÞXk ð0Þ;

i ¼ 1–6;

j¼1 k¼1

ð3Þ
where X is ð x x0 y y0 z δ ÞT , Rij is the first-order transfer
matrix component, and T ijk is the component of the
second-order transfer map. As indicated in Eq. (3), the
distortion of the beam phase space and the emittance
growth driven by the CSR effect are correlated with the
higher-order terms. First, Fig. 6 illustrates the simulation
results of the emittance growth due to the CSR effect with
consideration of the higher-order terms. In this simulation,
all CSR effects were included.
Figure 6(a) shows the relative increase of the normalized
emittance obtained using the relation ðϵON − ϵOFF Þ=ϵOFF ,
where ϵON is the normalized emittance with the CSR effect
and ϵOFF is the emittance without the CSR effect.
Furthermore, Fig. 6(b) shows the final normalized emittance. Compared to Fig. 4, particularly when the initial
Twiss β function is 0.1 m, the emittance growth ratio is
quite different. On the other hand, as the initial Twiss β
function increases, the trend of the growth ratio becomes
identical to that of the first-order matrix system. Table III
summarizes the normalized emittance and its growth ratio
for given Twiss parameters. Compared to the values listed
in Table II which are obtained with linear matrix system,

FIG. 6. (a) Relative change of the emittance with higher-order
terms considered, (b) final normalized emittance from the
achromatic dog-leg transfer line, and (c) maximum Twiss β
function along the transfer line. Also shown are the second-order
transfer map components (d) T 111 , (e) T 116 , and (f) T 216 , with the
initial Twiss β function ranging from 0.1 m to 5.0 m and Twiss α
function ranging from −4.0 to þ4.0. All the results in this figure
were obtained by ELEGANT simulations.

the absolute values and growth ratios are very different at
small Twiss β and large absolute values of α functions. On
the other hand, at large β values, the growth ratios remain
similar to the values in Table II. This indicates that for a
large initial Twiss β function, the transfer line is dominated
by the first-order transfer matrix, whereas it is dominated
by the higher-order terms when the initial Twiss β function
is small. It is evident that the higher-order terms play the
role of an additional contribution to the degradation of the
phase space. This can be confirmed by identifying one of
the second-order terms, T 111 , at the end of the transfer line,
as shown in Fig. 6(d). In the range where the initial Twiss β
function is small, T 111 is large. Thus, the large second-order
term leads to a heavy distortion of the phase space. In
addition, according to Fig. 6(c), it is clear that the chromatic
effect is significant when the maximum Twiss β function
along the transfer line is large, implying that the beam
TABLE III. Final normalized emittance from the achromatic
dog-leg transfer line. Before entering the dog-leg transfer line, the
initial beam emittance was 1.936 mm mrad. Growth ratio was
calculated with respect to the initial emittance.
Twiss β (m)
Twiss α (rad)

0.1 0.1
−3.0 0.0

0.1
1.0

0.1
4.0

3.0
0.0

5.0
0.0

Final ϵnx (mm mrad) 2.478 1.958 1.955 3.099 2.094 2.172
Growth ratio (%)
28.00 1.14 0.98 60.07 8.16 12.19
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envelope is large. Thus, the deviation of x and x0 in the
quadrupole magnet becomes more significant because of
the large beam size and beam energy spread, together
with the second-order terms T 116 , T 126 , T 216 , and T 226 . In
Figs. 6(e, f), T 116 and T 216 are illustrated.
One can see from Fig. 6(a) that the relative change in the
emittance due to the CSR effect is negative in some specific
regions. It is expected that higher-order terms may reduce
the CSR effect. Nevertheless, as can be seen from Fig. 6(b),
the absolute value of the emittance is already larger than the
initial value because of the significant contribution of the
higher-order terms. Therefore, for the best optimization of
the emittance value, we need to control not only the CSR
effect, but also the aberrations from the higher-order terms.

(a)
2.02
2
1.98
1.96
1.94
-2

-1

0

1

2

2.5

(b)
2
1.5

B. Chromatic amplitude for the estimation of
emittance growth due to higher-order terms

1

In order to optimize the beam emittance with higherorder-dominated transfer-line optics, we further investigate
the second-order transfer map. In this case, the CSR effect
is not considered to focus on the emittance evolution due
to only the higher-order terms. Even though the particle
coordinates can be described with second-order map
components, the Courant–Snyder invariant cannot be
simply applied, because the second-order map is nonlinear.
Therefore, to perform the optimization process, we introduce the chromatic amplitude [35,36]:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ




∂α α ∂β 2
1 ∂β 2
W¼
−
þ
;
∂δ β ∂δ
β ∂δ

ð4Þ

where δ is the fractional energy spread and β and α are the
linear Twiss parameters. The chromatic amplitude represents the deviation of the Twiss parameters with respect to
the slice energy distribution. A large chromatic amplitude
indicates a large deviation of the Twiss parameters along
the beam slice energy distribution. In this case, the slice
distribution becomes misaligned, leading to an increase in
the projected emittance. Therefore, the minimization of the
chromatic amplitude is essential to suppress the emittance
growth.
Figure 7(a) shows the simulation result of the emittance
from the achromatic dog-leg transfer line as a function of
the initial Twiss α function with a fixed initial Twiss β value
of 0.1 m. As discussed with Fig. 6, the emittance value is
overall increased owing to the higher-order terms. At some
initial Twiss α values, however, the minimum emittance
is observed. This feature can be verified with the slice
distribution, as shown in Fig. 7(b). For instance, when the
initial Twiss α function is −1.0, the slice along the energy
distribution is well aligned. For all other values of the initial
Twiss α function, the slice deviates significantly. Moreover,
this behavior can be confirmed by the chromatic amplitude
shown in Fig. 8. In the case where the slice distribution is

0.5
-3

-2

-1

0

1

2

3
10-3

FIG. 7. Normalized emittance from the achromatic dog-leg
transfer line (a) and slice Twiss parameters according to the
energy distribution (b) obtained using particle tracking. The
Twiss initial β function is fixed at 0.1 m.

aligned, the chromatic amplitude is minimized. In addition,
the variation trend of the chromatic amplitude follows the
emittance value in Fig. 7(a). Therefore, in the region where
the chromatic amplitude is minimized, the emittance from
the achromatic dog-leg transfer line is also minimized. This
is important information for the optimization of both the
CSR effect and the aberration from the higher-order terms.
Furthermore, it can be verified that the evolution of the
beam phase space is mainly based on the first-order transfer
matrix when the higher-order contribution is minimized.

300
250
200
150
100
50
0

-2

-1

0

1

2

FIG. 8. Chromatic amplitude calculated using Eq. (4) with the
phase space obtained from the ELEGANT simulation. The chromatic amplitude evaluated for δ ¼ 0 is plotted in this figure. For
comparison with the ELEGANT result, the chromatic amplitude
was also computed using MAD-X [37] code.
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TABLE IV. Final normalized emittance from the achromatic
dog-leg transfer line obtained while taking higher-order terms
into consideration. Before entering the dog-leg transfer line, the
initial beam emittance was 1.936 mm mrad. The initial Twiss β
function is fixed at 0.1 m. The emittance growth ratio is estimated
relative to the initial emittance.
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-2
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0

1
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FIG. 9. Emittance growth ratio driven by the CSR effect. The
blue curve indicates the ratio with the first-order matrix, whereas
the orange curve represents the ratio with the higher-order terms
of the transfer map.

C. Comparison of CSR-induced emittance growths
obtained from different models
Next, we compare the emittance growths driven by the
CSR effect in the region where the chromatic amplitude is
rather small. In Fig. 9, the emittance growth ratios obtained
by the ELEGANT simulation are plotted for the case where
only the first-order terms are considered as well as the case
where the higher-order terms are considered. In particular,
in the region where the chromatic amplitude is minimized
(initial Twiss α function ranging from −1.0 to þ1.0), the
trend of the emittance growth in the higher-orderdominated transfer line follows the case with the linear
transfer matrix system. Meanwhile, as the chromatic
amplitude increases, the growth trend deviates because
the higher-order terms are dominant along the transfer line.
Moreover, according to Fig. 9, the CSR-induced emittance
growth in the higher-order-dominant transfer line is minimized when the initial Twiss α function is −1.0. At this
point, its growth ratio is 0.1% compared to the emittance in
a higher-order system without the CSR effect. With respect
to the initial emittance of 1.936 mm mrad, its final
emittance growth ratio is only 0.5%. The optimized growth
ratio with considering the higher-order terms of transfer
map is slightly larger than the case discussed in Sec. III,
where the linear matrix system is considered only. Table IV
lists the final emittance value and its growth ratio with
several initial Twiss α values.
This condition with the given parameters of the bending
dipole magnet is unique. If the initial Twiss β function is
too small, for instance, 0.05 m, the maximum Twiss β
function along the transfer line will become extremely
large, which can be easily calculated using the transfer
matrix that relates the Twiss parameters [38]. This again
leads to a huge chromatic aberration. Likewise, when the
initial Twiss β function is large, the Twiss α function
required to compensate for the CSR-induced emittance
growth becomes significantly large. This also leads to the

Twiss α (rad)

−2.0

−1.0

2.0

Final ϵnx without CSR (mm mrad)
Final ϵnx with CSR (mm mrad)
Growth ratio (%)

2.028
2.036
5.17

1.944
1.946
0.52

2.007
2.018
4.24

aberration due to the higher-order terms and emittance
growth. Therefore, to suppress the sources of the emittance
growth, such as the aberration from the higher-order terms
and the CSR effect, the initial Twiss parameters should be
chosen with consideration of both the chromatic amplitude
and the suppression condition of the CSR-induced emittance growth.
D. Suppression condition for the case with a different
lattice setting and rectangular dipole magnets
Also, in order to figure out whether the suppression
condition is only determined by given parameters of dipole
magnet, we introduced additional quadrupole magnets in
between two dipole magnets. Through the simulation, it is
also confirmed that the suppression condition of the Twiss
parameters is the same for the given parameters of the
dipole magnets, even if the number of quadrupole magnets
and the lengths of the drift space are different from those in
the present setting. This means that the suppression condition is mainly determined by the bending angle and
radius when the chromatic amplitude is sufficiently small
such that the first-order terms are dominant along the
transfer line.
For example, let us assume that a total of 7 quadrupole
magnets are used in the achromatic dog-leg transfer line
and that the drift space between a dipole magnet and the
adjacent quadrupole magnet is 2.5 m. Rectangular bending
magnets with finite edge angles are adopted in this case,
whereas other main parameters of the dipole magnets
remain the same. Figure 10 shows the Twiss parameters
along the transfer line and the emittance growth ratio as a
function of the initial Twiss α function while the initial
Twiss β function is fixed at 0.1 m. Compared to the lattice
in Fig. 2, it can be seen that the drift spaces in between
quadrupole magnets are slightly changed. According to
Fig. 10(b), the variation in the emittance growth driven by
the CSR effect is almost identical to that shown in Fig. 9.
Even using rectangular bending magnet, the suppression
condition of CSR-induced emittance growth remains the
same as the original case with sector bending magnet.
Details of the suppression condition for CSR-induced
emittance growth in the rectangular dipole magnet can
be found in Appendix A. Therefore, the suppression
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FIG. 12. Emittance variation as a function of the initial Twiss α
function. Here, emittance is the value after the achromatic dog-leg
transfer line with consideration of both higher-order terms and the
CSR effect.
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1

2

from the initial beam information (X0 ), as indicated in
Fig. 11, is described by:

0

FIG. 10. (a) Twiss parameters and dispersion functions along
the achromatic dog-leg transfer line with 7 quadrupole magnets
for initial Twiss β ¼ 0.1 m and Twiss α ¼ 0. (b) Chromatic
amplitude and emittance growth ratio.

X1 ¼ MB11 ðX0 Þ;

ð5Þ

X2 ¼ M B12 ðX1 Þ ¼ MB12 ½M B11 ðX0 Þ;

ð6Þ

where M B11 and MB12 are the components of the dipole
magnet’s transfer map including the second-order components. Following the concatenation in Eq. (6), the achromatic dog-leg lattice is set up as illustrated in Fig. 11.
Here, δ0 is the fractional energy spread of the initial beam
distribution, and δCSR is the CSR-induced energy change.
To apply the CSR kick, a bending dipole magnet is
separated by two slices. Once the beam passes through
the first slice of each dipole magnet, a single CSR kick is
applied. Subsequently, the energy change due to the CSR
kick is updated. In this calculation, it is assumed that the
bunch length remains constant along the transfer line and
the distribution does not change, indicating that the CSR
kick is identical for all slices of the dipole magnet. In
addition, the CSR kick is based on the steady-state mode
with a Gaussian beam shape. Based on these assumptions,
we set up a model to find the source of the emittance growth
in the presence of the CSR effect as well as the higher-order
components.
Figure 12 shows the normalized emittance from the
achromatic dog-leg transfer line obtained from the

condition derived in Appendix A is verified by ELEGANT
simulation; the edge focusing of rectangular bending
magnet does not contribute to determining the suppression
condition.
In particular, once the initial Twiss α function becomes
þ2.0, the emittance growth due to the CSR effect seems to
be decreased. However, owing to the large chromatic
amplitude at this value of the initial Twiss α function,
the final normalized emittance is 2.193 mm mrad, indicating that the emittance growth mostly originates from the
higher-order terms.
E. Analysis of CSR-induced emittance growth
using concatenated matrix
In addition to the analysis using the chromatic amplitude,
we find the source of the emittance growth using the
concatenation of the transfer map [39]. For instance, the
beam phase space at the end of the first dipole magnet (X2 )
CSR kick
Total energy spread

D1
B11

X0

D2

B12

X1

D2

Q1

X2

X3

X4

X5

D2

D2

Q2

Q3

X6

X7

D1

Q2

X8

X9

Q1

X10

X11

B21

X12

X13

B22

X14

X15

FIG. 11. Achromatic dog-leg transfer line lattice for calculating the emittance growth with both the higher-order terms and CSR effect.
D1 and D2 are the elements of the drift space, and Q1 , Q2 , and Q3 are the quadrupole magnets. B11 and B12 are slices of the first sector
bending dipole magnet, and B21 and B22 are slices of the second sector bending dipole magnet.
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analytical model and the ELEGANT simulation. In these
calculations, the initial Twiss β function was fixed at 0.1 m,
and the initial α function was varied from −2.0 to þ2.0.
In order to verify the validity of the analytical model, the
ELEGANT tracking is performed with the following assumptions: (i) double kicks with the steady-state mode of the
CSR effect and (ii) multiple kicks with all the CSR effects
(transient, steady-state, and CSR drift). Compared to the
two cases of the simulation results, a small discrepancy in
the analytical model can be observed. This is mainly due

PHYS. REV. ACCEL. BEAMS 24, 021301 (2021)
to the following assumptions in the analytical model: a
constant bunch length along the entire transfer line and an
invariant longitudinal distribution. Nevertheless, the variation of the emittance with higher-order terms and the CSR
effect can be estimated using the analytical model to a good
approximation.
The following equations describe the deviations of the
final beam phase space Δx15 and Δx15 0 in Fig. 11 due to
only the CSR effect δCSR :

Δx15 ¼ M15;0001 δCSR þ M 15;1001 x0 δCSR þ M15;0101 x0 0 δCSR þ M15;0011 δ0 δCSR þ M15;0002 δ2CSR þ M 15;2001 x0 2 δCSR
þ M 15;1101 x0 x0 0 δCSR þ M 15;1011 x0 δ0 δCSR þ M 15;1002 x0 δCSR 2 þ M15;0201 x0 02 δCSR þ M15;0111 x0 0 δ0 δCSR
þ M 15;0102 x0 0 δCSR 2 þ M15;0021 δ20 δCSR þ M15;0012 δ0 δ2CSR þ M 15;0003 δ3CSR ;

ð7Þ

Δx15 0 ¼ M 015;0001 δCSR þ M015;1001 x0 δCSR þ M 015;0101 x0 0 δCSR þ M015;0011 δ0 δCSR þ M 015;0002 δ2CSR þ M015;2001 x0 2 δCSR
þ M 015;1101 x0 x0 0 δCSR þ M 015;1011 x0 δ0 δCSR þ M015;1002 x0 δCSR 2 þ M015;0201 x0 02 δCSR þ M015;0111 x0 0 δ0 δCSR
þ M 015;0102 x0 0 δCSR 2 þ M015;0021 δ20 δCSR þ M015;0012 δ0 δ2CSR þ M 015;0003 δ3CSR ;
where terms such as M15;0001 and M015;0001 are the concatenated components, and x0 , x0 0 , and δ0 are phase-space
information of the initial particle before entering the
achromatic dog-leg transfer line. In the concatenated matrix
Mn;ijkl , n indicates the sequence number in the transfer line,
and indexes i, j, k, and l are associated with the integer
power terms correspond to xi0 , x0 j0 , δk0 , and δlCSR , respectively. Although terms of order higher than three occur in
this calculation, they can be ignored because they do not
significantly affect the results. In addition, terms related to
the vertical components y0 and y0 0 can be ignored because
these terms are negligibly small. Because each transfer-map

ϵx ¼

component is a combination of the first- and second-order
maps, it is extremely tedious to list all the components here.
As examples for the combination of the map components,
M15;0001 and M 015;0001 are listed in Appendix B.
When only the first-order matrix is considered, the
modulation of the phase space due to the CSR effect is
expressed by only a single term related to M 15;0001 and
M015;0001 in Eqs. (7), (8). However, if higher-order terms
are considered, many additional terms are generated. The
final geometrical emittance can then be expressed as
follows:

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hðx15 þ Δx15 Þ2 ihðx15 0 þ Δx15 0 Þ2 i − hðx15 þ Δx15 Þðx15 0 þ Δx15 0 Þi2 ;

where x15 and x15 0 are the final phase-space coordinates
without the CSR effect.
Because δCSR is correlated with the transverse phase
space, it cannot be easily separated in Eq. (9) to obtain a
simple relation for the suppression condition. Therefore,
using Eqs. (7), (8), we show the beam phase space distorted
only by the CSR effect. Figure 13 shows the phase-space
distortion driven by the terms related to the δCSR estimated
using Eqs. (7), (8). As indicated in Fig. 13, the phase space
is greatly distorted when the initial Twiss α function is 2.0
(cases 1 and 2), where the emittance growth ratio is rather
large. Once the emittance growth is minimized (case 3), the

ð8Þ

ð9Þ

area of the phase-space evolution driven by the CSR effect
is minimized.
F. Suppression condition with different
longitudinal beam shapes
In the previous discussions on the suppression condition
for CSR-induced emittance growth, it was always assumed
that the longitudinal beam shape follows a Gaussian
distribution. However, for realistic cases, the longitudinal
profile may not always be Gaussian; it can be, for instance,
a flat-top or parabolic profile. Therefore, if we consider the
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FIG. 13. Distorted phase space resulting from the CSR effect
estimated using Eqs. (7), (8).

steady-state mode of the CSR effect, the energy change
induced by CSR will be different from the case of an ideal
Gaussian shape. This energy change can be calculated as
follows [7]:


Z s
dEðsÞ
dλ
1 1=3
¼
dz;
ð10Þ
cdt
−∞ dz s − z
where λ is the line charge distribution of the beam.
Figure 14 shows the CSR-induced energy changes in
various longitudinal beam distributions extracted using
the ELEGANT simulation.
In order to determine how to find the optimum suppression condition, the CSR-induced RMS energy spread
was calculated using the ELEGANT simulation, as illustrated
in Fig. 15. In this simulation, a single sector bending dipole
magnet was used, and all CSR effects were considered. The
initial RMS length, energy spread, and beam charge are set
to the same values as those indicated in Sec. II. For the
Gaussian distribution, the energy spread Δσ δ is proportional to ρ1=3 θ, as discussed in Ref. [23]. In the case of a
flat-top or parabolic distribution, it can be deduced from
10

2

4

6

8

10

FIG. 15. RMS energy spread induced by the CSR effect as a
function of the arc length Ldipole of the dipole magnet. Here,
Δσ δ ¼ σ δ;ON − σ δ;OFF , where σ δ;ON is the RMS energy spread
with the CSR effect and σ δ;OFF is that without the CSR effect.

Fig. 15 that Δσ δ ∝ −Ldipole ¼ −ρθ, except for the regime in
which the length of the dipole magnet is rather short. In
particular, the equation of motion with the CSR effect in the
bend plane is made linear with this assumption, which
allows us to evaluate the suppression condition in the linear
system. By adopting this assumption, the equations of
motion and linear transfer matrix components are modified
from those indicated in Ref. [20]. The equation of motion in
the bend plane is then given by
x00 ¼ −

x 1
þ ½δ0 þ δCSR − kðs − s0 Þ;
ρ2 ρ

ð11Þ

where s0 ¼ 0 is the entrance of the dipole magnet. Here, k
is normalized CSR wake potential that depends on the
bunch length and charge. Then, the coordinate deviations
due to the CSR kick become

Xe ¼

xe




¼

x0e

ρð1 − cos θÞ
sin θ


 2

−ρ ðθ − sin θÞ
δþ
k;
−ρð1 − cos θÞ

-4

ð12Þ

2

where the sign in the second term is different from that
in Eq. (A1), which can be found by Green’s function
method [40]. Then, the point-kick model is given by

1
0
-1



-2

Xk ¼

-3
-4
-0.3

0

-0.2

-0.1

0

0.1

0.2

xk
x0k



0

1

θ
θ
B ρ k −θ cos 2 þ 2 sin 2 C
¼@
A:
sin θ2 ð2δ − ρθkÞ
2

ð13Þ

0.3

FIG. 14. Energy change induced by the CSR effect with several
beam distributions. Only the steady-state mode was turned on.
The beam head is located at positive z, whereas the tail is at
negative z.

Following the sequence to find the suppression condition, as indicated in Sec. III of Ref. [23] with δ ¼ −kρ1 θ1 ,
we can find the optimum Twiss parameters for the
minimization of the CSR-induced emittance growth, which
is given by
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system was used for particle tracking along the achromatic
dog-leg transfer line. Furthermore, it is assumed that the
beam envelope is matched by using permanent-magnet
quadrupoles (PMQs) [41] at the final focusing section. In
the matching of the beam envelope, the betatron oscillation
inside the blowout regime is minimized when the beam
envelope is set by the following condition [42]:

(a)
0.4

0.2

0
0.6

(b)

σ rm

0.4

0.2

0

-2

-1

0

1

2

FIG. 16. Emittance growth ratio due to the CSR effect for (a) a
flat-top distribution and (b) a parabolic distribution. The blue
curve indicates the ratio estimated with the first-order matrix. The
orange curve is the ratio calculated by including the higher-order
terms of the transfer map.



α1 − α2
ðθ1 þ r θ2 Þ
¼
;
β1
ρ1 ð−2 þ θ1 CS 1 Þ

ð14Þ

1

where r is ρ2 =ρ1 . Interestingly, even if the change in the
RMS energy spread is different for the specific longitudinal
beam shape, the suppression condition remains the same
form as that obtained in the case of a Gaussian distribution.
To verify our assumption, the ELEGANT simulation was
performed again using the achromatic dog-leg transfer line.
In this simulation, all CSR effects were included. Figure 16
shows the emittance growth ratios of different longitudinal
beam distributions. Compared to Fig. 9, the evolution trend
of the emittance growth is very similar to that of the
Gaussian beam case, even though the longitudinal beam
profile has changed. Furthermore, the CSR-induced emittance growth is minimized at the initial Twiss α of −1.0
when the higher-order contributions are considered (the
orange curve in Fig. 16). This indicates that our assumption
is valid, and the suppression condition is the same for
several different beam distributions.
V. EMITTANCE VARIATION DURING
ACCELERATION THROUGH A PLASMA
WAKEFIELD
In this section, we discuss the variation of the electronbeam emittance during the acceleration inside a plasma
wakefield in the presence of the CSR effect. As indicated in
Fig. 1, the electron beam passing through the achromatic
dog-leg transfer line is focused by the final focusing
element and propagates to the second plasma source. To
investigate the emittance variation due to only the CSR
effect during the beam loading scenario, a first-order matrix



2ϵ0 γme c2 ϵ2g 1=4
¼
;
e2 ne

ð15Þ

where ϵ0 is the vacuum permittivity, γ is the relativistic
factor of the electron beam, me is the electron mass, c is the
speed of light, ϵg is the geometrical emittance, e is the
elementary charge, and ne is the plasma density. In the case
of the AWAKE experiment, the plasma density of the
acceleration column is 7 × 104 =cm3 . With the given electron beam parameters listed in Table I, the required RMS
beam size at the entrance of the plasma source is approximately 5.6 μm. Following Ref. [43] for the beam loading
scheme, we performed the particle-in-cell (PIC) simulation
using a single proton bunch. Particle tracking inside the
plasma wakefield was performed using Fourier–Bessel PIC
(FBPIC) simulation code [44]. The number of grid cells
was set to 1190 in the transverse plane and 2735 in the
longitudinal plane in a cylindrical simulation box, where
the radius of the transverse box is 1 mm and the longitudinal size is 2.3 mm, respectively. The resolution of the
simulation is approximately 0.84 μm in both the transverse
and longitudinal planes. The simulation was performed
in the boosted frame with the parameter γ boosted ¼ 32 to
reduce the simulation time. The number of azimuthal
modes used in the simulation is up to 3. The plasma
density distribution and the length of the plasma source
were set to be uniform without density ramp and 5.0 m,
respectively.
Figure 17 shows the plasma wakefield, driving proton
beam, witness electron beam, and plasma density modulation. For this simulation, the mass of the proton particle is
increased by 6 orders of magnitude to sustain the wake
amplitude over a long distance. The RMS beam size σ r is
200 μm, the RMS bunch length is set to 40 μm, and the
energy of the proton beam is 400 GeV. The charge of
the proton beam used for this simulation is 2.34 nC. The
particle data obtained using the ELEGANT simulation are
used for the witness beam. The number of macroparticles of
the proton and electron beams is 2.1 × 106 and 1.0 × 106 ,
respectively. The position of the electron beam was chosen
such that the effective RMS energy spread and normalized
emittance are minimized. Figure 18 shows longitudinal
phase space of the electron beam after propagation through
1 m plasma source. Here, the initial electron beam center is
located behind the proton beam center at a distance of
1.21 mm. When the total number of electron beam particles
is considered, the RMS energy spread becomes 4.00%. As
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FIG. 17. Plasma wakefield driven by a single proton bunch
(blue dots). The electron beam (black dots) is injected to be
accelerated with a strong focusing gradient. The solid red plot
indicates the longitudinal plasma wakefield with a witness
electron beam, while the dashed red line represents the wakefield
created only by the proton beam. The transverse focusing field
W x ¼ Ex − cBy and the focusing gradient (green line) were
evaluated near the axis (x ∼ 0). The longitudinal coordinate
ξ ¼ z − ct. Here, n=n0 > 0 (n=n0 < 0) means there are more
positively (negatively) charged species.

can be seen in Fig. 18(a), large RMS energy spread is
mainly due to the energy spread at the electron beam head
region where the amplitude of the plasma wakefield is not
constant. However, in the shaded region around the δ peak
as depicted in Fig. 18(b), the effective RMS energy spread
(calculated with the particles in the region where δ ≥ 0 and
the density in arbitrary unit is larger than 0.001) becomes
0.85%, and the acceleration efficiency (the number of
electron beam particles in the shaded region) becomes
approximately 76%. Using the Gaussian fitting, the RMS
energy spread inside the narrow region is calculated to be
0.31%. Simultaneously, the normalized emittance is
2.532 mm mrad.
In Fig. 17, the maximum longitudinal wake amplitude
induced by the electron beam is around 380 MV=m.

FIG. 18. (a) Longitudinal phase space of the electron beam after
propagation through 1 m plasma source. Electron beam head is
placed at positive Δz, whereas the tail is located at negative Δz.
(b) Fractional energy spread distribution. Shaded area is considered to calculate effective RMS energy spread. Red line is the
Gaussian fit curve.

Because the witness electron beam has a Gaussian distribution, the longitudinal wakefield cannot be perfectly flat
to induce a constant energy gain in the electron beam.
In addition, the electron beam density is approximately
31 times larger than the ambient plasma density; consequently, the witness beam creates the blowout regime. In
this regime, the focusing gradient is constant, and its
strength is nearly 20 kT/m. However, because the head
part of the beam is not in the blowout regime, a different
focusing gradient is applied along the slice. Therefore, the
head of the electron beam is rather defocused compared to
the rest of the beam, which is in the blowout regime,
leading to head erosion [45,46].
In order to study the emittance variation of the electron
beam with the CSR effect, several cases of the electron
beam were used for the PIC simulation. In the linear matrix
system, we consider (i) a reference case without the CSR
effect, (ii) a case in which the CSR effect is fully suppressed
so that the emittance growth is 0% in the transfer line, and
(iii) a case in which the CSR effect is not suppressed,
leading to emittance growths of 11%, 21%, and 32% after
the dog-leg transfer line. The phase space of the electron
beam before entering the plasma source is shown in Fig. 19.
It can be seen that the CSR effect nonlinearly deviates
the electron beam phase space. Once the CSR effect is
minimized, the transverse and slice distributions in
Figs. 19 (b, g) are almost identical to the reference case
in Figs. 19 (a, f). However, if the CSR effect is not
suppressed, the beam centroid is largely shifted and the
slice distribution is significantly distorted, as illustrated in
Figs. 19 (c–e) and (h-j).
By using the beam phase space shown in Fig. 19, a beam
loading simulation was conducted. First, the characteristics
of the electron-beam phase space in the reference case are
discussed. The slice distribution of the electron beam after
propagation through the 1 m plasma source is shown in
Fig. 20(a). In Figs. 20(b) to (d), the horizontal phase space
is plotted at the tail, center, and head of the beam,
respectively. The normalized emittance in the horizontal
plane after the plasma source is 2.532 mm mrad, which is
somewhat increased from the initial value of 1.936 mm
mrad. This emittance growth is mainly due to the deviation
of the slice phase space, which results from the different
focusing gradients induced to the beam slice, as illustrated
in Fig. 17. At the electron beam head, the focusing gradient
is smaller than that inside the blowout regime. Thus, the
beam envelope at the head is expanded compared to that at
the beam tail. In addition to the different focusing gradients
along the slice, the gradient outside the blowout regime
is not linear with respect to the transverse position, as
shown in Fig. 20(e). This is an example of the betatron
decoherence [14,47,48] due to the different betatron
oscillations arising from different focusing gradients.
Furthermore, this betatron decoherence occurs in the same
manner because of the finite energy spread of the electron
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FIG. 20. (a) Slice distribution of the electron beam after
propagation through the 1 m plasma source. The beam head is
placed at positive Δz, while the beam tail is placed at negative Δz.
The dashed boxes indicate the regions of the slice distributions.
(b, c, d) Slice horizontal phase space at different slice locations at
the tail, center, and head of the beam, respectively. (e) Focusing
gradient along three different electron-beam slices.

FIG. 19. Electron-beam projections (a–e) and slice distributions
(f–j) before entering the plasma source obtained by ELEGANT
simulation. (a, f) are for the reference case without CSR effect,
(b, g) are for the case in which the CSR effect is fully suppressed
so that the emittance growth is nearly 0%, and (c, h) are for the
case in which the CSR effect is not suppressed, resulting in the
emittance growth of 11%. Also, (d, i) are the case where the CSRinduced emittance growth is 21%, and (e, j) are the case where the
emittance growth is 32%. The beam head is located at negative t,
while the beam tail is placed at positive t.

beam and the different accelerating gradients along the
beam slice, as shown in Fig. 17. The following equation
describes the single-particle motion with acceleration and
the linear focusing gradient:


d2 x γðsÞ0 dx
1 dFx
þ
þ
x ¼ 0;
ds2 γðsÞ ds γðsÞ dx

e

K¼

0
x
term dF
dx represents the transverse focusing gradient. γðsÞ is
a derivative with respect to the variable s. According to the

1 dFx
γðsÞ ð dx Þ

is not constant along the beam slice at a

fixed position of the propagation axis, owing to the
different γ 0 and the longitudinal wakefield, in addition
to the different focusing gradients along the slice. The
inconsistent wake amplitude as well as the finite energy
spread lead to additional betatron decoherence, resulting in
further emittance growth.
The emittance growth is saturated once the betatron
decoherence process is complete, as can be expected from
the second term in Eq. (16), which indicates the damping of
the betatronq
oscillation
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ amplitude. By changing the variable
s to ψ ¼

4 dFx
ð Þη, where
Ez 2 dx
2
d x
dx
þ ψ1 dψ
þ x ¼ 0.
dψ 2

η ¼ γðsÞ1=2 , Eq. (16) is

Then, the solution of the
modified to
modified equation of single-particle motion will be [49]

ð16Þ

where it is assumed that s ≡ z, together with the variable
ξ ¼ z − ct: γðsÞ ¼ γ 0 þ Ez s, γ 0 is the initial relativistic
factor of each particle, Ez is the longitudinal wakefield
normalized by mec2, and Fx ¼ mec2 ðEx − cBy Þ. Thus, the
e

third q
term
in Eq. (16), the betatron oscillation frequency
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

xðψÞ ¼ C1 J0 ðψÞ þ C2 Y 0 ðψÞ;

ð17Þ

x0 ðψÞ ¼ −C1 J1 ðψÞ − C2 Y 1 ðψÞ;

ð18Þ

where J 0 , J 1 , Y 0 , and Y 1 are Bessel functions of the first
kind, and C1 and C2 are coefficients that can be determined
by the initial particle conditions. Based on Ref. [49], if the
initial transverse divergence x0 ¼ 0 and the variable ψ ≫ 1,
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Eq. (17) becomes x0 ðψ 0 =ψÞ1=2 cos ðψ − ψ 0 Þ. Thus, the
oscillation amplitude is proportional to ðγ 0 =γðsÞÞ1=4 . As
the beam energy monotonically increases, the amplitude of
the betatron oscillation decreases rapidly, and the emittance
becomes saturated once the oscillation amplitude is negligibly small. In the following subsections, using several
electron beam with CSR effect, evolution of beam envelope
and emittance along the plasma source will be discussed.
A. Reference case and case where the CSR effect
is fully suppressed
Figure 21 plots the evolutions of the RMS beam size and
beam centroid, as well as the saturation of the normalized
emittance obtained from the simulation. Solid blue line
indicates the case without CSR effect (reference case),
while the orange line represents the case where the CSR
effect is considered, but fully suppressed. Inserts of Fig. 21
are the plots for the colored boxes. For all cases, large
oscillation of the beam envelope and emittance growth
were observed. The oscillation amplitude of the beam
envelope and emittance rapidly decrease at approximately
0.5 m. Up to this region, the betatron decoherence
significantly affects the beam emittance, leading to a huge

8

8

4.05

7
4

6

6

0.2

0.3

0.4

4.5

4.6

4.7

4 (a)

TABLE V. Final normalized emittance from the 5 m plasma
source. The ratio was calculated with respect to the initial
emittance of 1.936 mm mrad.

Case
Final ϵnx (mm mrad)
Growth ratio (%)

CSR OFF

CSR ON

Reference

0% growth

2.524
30.37

2.523
30.32

emittance growth. In the reference case without CSR effect,
the emittance is saturated, and its value increases by nearly
30% from the initial value of 1.936 mm mrad after
completion of the betatron decoherence. As the beam
propagates to the plasma source while gaining energy, the
oscillation period gradually increases. In this simulation
study, the focusing gradient is sustained over a long distance
from the plasma source, and the electron beam energy is
gradually increased by the longitudinal wakefield. Thus, the
betatron oscillation frequency, which is the coefficient in the
third term of Eq. (16), decreases. Consequently, the wavelength corresponding to the oscillation frequency increases
as can be seen in inserts of Fig. 21(a).
The normalized emittance after propagation through 5 m
plasma source is summarized in Table V. In the case where
the CSR effect is fully suppressed, the emittance is nearly
identical to the reference case. Therefore, once the CSR
effect along the electron beam transfer line is fully suppressed, the emittance growth after acceleration through the
plasma wakefield becomes negligible. Also, in this case,
the centroid oscillation after saturation of the betatron
decoherence becomes very small as shown in Fig. 21(c).

2.6

B. Case where the CSR effect is not suppressed

2.4

2.53

2.2

2.525

2.52
4.5
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4.7
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4.9

5

(b)

5
0
-5
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0

1
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FIG. 21. Plots of (a) RMS beam envelope, (b) normalized
emittance, and (c) horizontal beam centroid along the plasma
source. CSR OFF is the case in which the CSR effect is not
considered along the transfer line, and CSR ON is the case in
which the CSR effect is considered. In the figure legends, 0%
represents zero emittance growth driven by the CSR effect.
Inserts are zoomed plots for the boxed regions.

Figure 22 shows the case where the CSR effect is not
suppressed. In the legends, 11%, 21%, and 32% represent
the emittance growth ratios along the transfer line due to the
CSR effect. Solid lines indicate the case where the electron
beam centroid and angle before entering the plasma source
are not adjusted, whereas dashed lines are the cases where
the centroid and angle are assumed to be adjusted. First,
large oscillation of the beam envelope and centroid position
can be seen in Figs. 22(a,c). In the case without adjustment,
the emittances as shown in Fig. 22(b) are somewhat
increased compared to the values described in Table V.
Interestingly, when the centroid and angle are assumed to
be adjusted, the final emittances become even larger.
Table VI lists the final emittances for these cases. The
additional emittance growth driven by the CSR effect can
be analyzed in terms of slice emittance. Figure 23 shows
the slice emittances after 5 m plasma source where (a) is the
case where the beam centroid and angle are not adjusted
and (b) is the case where those are assumed to be adjusted.
The reference case and the case where the CSR effect is
fully suppressed are plotted as blue and orange lines,
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FIG. 23. Slice emittance along the electron beam after propagation through 5 m plasma source. (a) Cases where the beam
centroid and angle are not adjusted. (b) Cases where those are
adjusted. Black solid and dashed lines indicate the longitudinal
electron beam distribution in arbitrary units and initial emittance
of 1.936 mm mrad, respectively. Electron beam head is placed at
positive Δz, whereas the tail at negative Δz.

0
-10

(c)
-20

0

1

2

3

4

5

FIG. 22. Plots of (a) RMS beam envelope, (b) normalized
emittance, and (c) horizontal beam centroid along the plasma
source. In the figure legends, 11%, 21%, and 32% indicate the
emittance growth by CSR effect before entering the plasma
source from the initial emittance of 1.936 mm mrad. Solid lines
are the case without adjusting the electron beam centroid and
angle before injection to the plasma wakefield, whereas the
dashed lines are the cases with adjustment.

respectively. In these cases, the emittances are increased
mainly at the head of the electron beam. It is due to the
head-erosion effect; in the beam head, the transverse
focusing field is not constant along the slice nor linear
in the transverse direction, leading to huge phase-space
distortion [see Fig. 20(d)]. Meanwhile, the emittance inside
the blow-out regime remains almost the same as the initial
emittance of 1.936 mm mrad. However, when the CSR
effect is imprinted in the beam, we observe a noticeable
growth of the head-erosion effect as shown in Fig. 23(a).
TABLE VI. Final normalized emittance from the 5 m plasma
source. CSR 11%, 21%, and 32% indicate that the CSR-induced
emittance growths before entering the plasma source are 11%,
21%, and 32% from the initial emittance of 1.936 mm mrad.

There are additional 20–40% increases in the maximum
slice emittance. It is due to not only the misalignment of the
beam centroid and angle with respect to the center of the
plasma source [50], but also the mismatch of the slice
distribution as shown in Fig. 19.
Furthermore, Fig 23(b) shows that the head-erosion
effect becomes even severer with the adjustment. In
particular, in case of Fig. 19(j), the beam core in the
horizontal position is negatively shifted. When the centroid
position is adjusted to make hxi zero, the overall distribution will be positively shifted, leading to the large misalignment at the head part of the electron beam. Consequently,
there are additional 110–310% increases in the maximum
slice emittance. Table VII summarizes the enhancement of
the head-erosion effect due to the CSR.
By observing the slice emittance, we found that due to
the CSR effect emittance is additionally increased at the
electron beam head region. It is mainly due to the nonlinear distortion of the beam phase space. In terms of the
TABLE VII. Enhancement of the head-erosion effect due to the
CSR calculated using the maximum emittance along the beam
slice.

CSR
11%

CSR
21%

CSR
32%

With centroid and angle not adjusted, 2.978
Final ϵnx (mm mrad)

3.424

3.547

With centroid and angle not adjusted, 22.24
Additional growth ratio (%)

With centroid and angle adjusted,
Final ϵnx (mm mrad)

6.041

7.337

With centroid and angle adjusted,
Additional growth ratio (%)

Case

3.911

Case
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CSR
11%

CSR
21%

CSR
32%

36.43

22.70

110.61 273.51 306.26
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projected emittance as shown in Fig. 22, the additional
emittance growth due to the CSR effect is approximately
10% when the centroid and angle of the electron beam are
not adjusted. In case where those are adjusted, the additional emittance growth becomes as high as 120%.
Therefore, the adjustment of the centroid and angle of
the beam in presence of the CSR effect hinders the
improvement of the beam parameters during the acceleration through plasma wakefields.
C. Electron beam slice distribution and longitudinal
phase space after plasma source
Figure. 24 illustrates the slice distributions (first row),
longitudinal phase spaces (second row) and fractional
energy distributions (third row) after propagation through
5 m plasma source. In particular, Fig. 24 shows the cases
where the centroid and angle of the electron beam are not
adjusted before entering the plasma source. The slice
distribution of the reference case without CSR effect can
be seen in Fig. 24(a), whereas the case where the CSR
effect is considered but fully suppressed is illustrated in
Fig. 24(d). The slice distribution in which the CSR is fully
suppressed is very similar to the reference case. However, if
the CSR-induced emittance growth is not properly suppressed and this electron beam is injected into the plasma
source, additional distortion at the beam head are observed
as illustrated in Figs. 24(g, j, m). In addition, microbunchinglike instability appears to start at the beam tail.
Regarding the longitudinal phase space in Figs. 24(b, e,
h, k, n), it is observed that there is no significant change.

Since we mainly focus on CSR-induced emittance growth,
we may expect that the energy distribution of the electron
beam is also somewhat distorted by the CSR effect.
Nevertheless, from the ELEGANT tracking simulation with
1D CSR approximation [7], the deviation of the RMS
energy spread due to the CSR effect is less than 0.005%
which is negligibly small. Therefore, it is expected that the
effective RMS energy spread during acceleration through
the plasma source is mainly determined by the longitudinal
component of the wakefield. For the comparative analysis
on the energy spread, three different methods to calculate
the RMS energy spread have been used. Firstly, we
calculated the RMS energy spread by considering the
entire electron beam particles. Secondly, the effective
RMS energy spread has been calculated by considering
the region where the fractional energy spread δ is larger
than 0 and the density value (arb. units) is larger than 0.001.
Lastly, standard deviation σ δ has been found using the
Gaussian fitting over the effective regions as can be seen in
Figs. 24 (c, f, i, l, o). The RMS energy spreads obtained by
these three different methods are summarized in Table VIII
as well as average energy. For each calculation method, it is
verified that the calculated RMS energy spread values are
similar to the reference case. When the total number of
electron beam particles is considered, the RMS energy
spread is approximately 5.5% because the amplitudes of the
longitudinal wakefield at the head and tail regions are not
constant and largely deviated as shown in Fig. 17. It is
significantly larger than that in a conventional accelerator
which is in the order of 0.1%. However, when considering

FIG. 24. Beam slice distribution (first row), longitudinal phase space (second row), and fractional energy spread (third row) of
the electron beam after propagation through the 5 m plasma source under various conditions. (a–c) Reference case with CSR OFF.
(d–f) Case in which CSR is ON but fully suppressed, resulting in zero emittance growth. (g–i) Case in which CSR is ON and not
suppressed, resulting in an emittance growth of 11%. (j–l) Case where the CSR-induced emittance growth is 21%. (m-o) Case where the
CSR-induced emittance growth is 32%. For the cases where the CSR effect is not suppressed, the centroid and angle are not adjusted.
The beam head is placed at positive Δz and the tail at negative Δz.
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TABLE VIII. Average energy (Eavg ) and RMS energy spread of
the electron beam after propagation through 5 m plasma source.
Methods a, b, and c are the cases where the RMS energy spreads
obtained by (a) considering total electron beam particles, (b) considering effective region (shaded area in the third row of Fig. 24),
and (c) using Gaussian fitting over the effective region.
Reference

CSR
0%

CSR
11%

CSR
21%

CSR
32%

Eavg (GeV)

2.016

2.016

2.017

2.019

2.019

Method a (%)
Method b (%)
Method c (%)

5.548
0.923
0.068

5.509
0.918
0.078

5.523
0.936
0.072

5.542
0.957
0.066

5.553
0.959
0.069

Case

only the effective region as depicted in Figs. 24(c, f, i, l, o),
it is confirmed that in all cases, the RMS energy spread is
reduced to less than 1% and the acceleration efficiency
becomes approximately 75%. In addition, the RMS energy
spread obtained by using Gaussian fitting remains similar
within the error range of 0.0047%. As a consequence, it
has been found that the small amount of CSR-induced
energy spread along the electron beam does not affect the
energy spread after propagation through the plasma
wakefield.
By noting that a low energy spread and high quality
elecron beam can be maintained in the FEL by removing
double-horn shape in the energy distribution [10], we may
further assume that the electron beam particles are collimated to remove the head and tail regions where the energy
spreads are larger. Then, approximately 25% of the electron
beam particles are cut out by the collimator, and the
remaining electron beam has the effective RMS energy
spread of nearly 0.9%. Simultaneously, by cutting off the
head part of the electron beam where the head-erosion
effect is dominant, it is possible to keep the final emittance
as close as the initial value before entering the plasma
source. Nevertheless, still the emittance inside the effective
region would be increased by the existing CSR effect on
the electron beam as shown in Fig. 23(a). (e.g., see the
emittance in the region from Δz ¼ −0.15 mm to 0.04 mm).
Therefore, in order to avoid emittance growth, suppression
of the CSR effect along the transfer line should be
performed. By controlling the CSR effect to make the
zero emittance growth along the transfer line, the emittance
at the effective region can almost be maintained by the
initial value of 1.936 mm mrad.
VI. CONCLUSION
The suppression of the emittance growth driven by the
CSR effect along the electron-beam transfer line was
discussed for efficient beam loading into a plasma wakefield accelerator. In the linear transfer line optics system,
the CSR-induced emittance growth can be suppressed by
controlling the Twiss parameters between the dipole
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magnets of the achromatic dog-leg transfer line. When
the higher-order terms in the transfer map play significant
roles in the phase-space evolution, we need to consider
those terms for the suppression of the CSR-induced
emittance growth. This condition can be determined by
estimating the chromatic amplitude. In the regime where
the chromatic amplitude is small, it was confirmed that the
transfer map is dominated by the first-order matrix. In this
case, we can apply the suppression condition that is valid
in the linear transfer matrix system. Finally, we found that
the emittance growth can be minimized within a ratio of
0.5% compared to the initial emittance value by simultaneously controlling the Twiss parameters to make the
chromatic amplitude small.
This minimization is crucial for electron-beam loading in
a plasma wakefield because the ultimate goal of the plasmawakefield acceleration is to reduce emittance growth and
make it applicable to high-energy physics experiments
and high-quality x-ray generations. In the case where the
CSR-induced emittance is fully suppressed before the beam
loading, PIC simulation verified that the emittance growth
is almost identical to that in the reference case without the
CSR effect. Otherwise, the emittance growth becomes more
significant. As discussed previously, emittance growths of
11%, 21%, and 32% along the transfer line lead to
additional enhancement of the head-erosion effect by
20%∼40% after propagation through the plasma wakefield.
Also, the additional emittance growth ratio in terms of
projected emittance is around 10%. The main factor of the
emittance growth driven by the CSR effect is due to the
slice mismatch at the beam head with respect to the entire
electron beam slice. Therefore, when the electron beam is
externally injected for plasma wakefield acceleration, it is
important to control the CSR effect to minimize the
emittance degradation. In terms of the energy spread, since
the CSR-induced energy change of the electron beam along
the achromatic dog-leg is not significant, the RMS energy
spread remains similar regardless of whether the CSR effect
is fully suppressed, or it is not suppressed.
Furthermore, if the effective region of electron beam is
only considered for practical application, it is expected
that the emittance growth and RMS energy spread can be
simultaneously controlled by cutting off the electron
beam’s head and tail regions. By suppressing the CSR
effect along the electron beam transfer line together with
the collimation method, it would be possible to keep the
emittance growth as minimal as possible. In this context, it
is of critical importance to control the CSR effect in the
external injection scheme for the electron beam loading
into the plasma wakefields.
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Once the CSR kick is applied at the center of the dipole
magnet and the electron beam passes through the dipole
magnet, its coordinate deviations become
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FIG. 25. Schematic view of the achromatic dog-leg transfer line
with edge angles.

R&D program (code No. IN2004-6) through the Korea
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APPENDIX A: CSR SUPPRESSION CONDITION
IN RECTANGULAR BENDING MAGNET
Equation (2) was obtained using the sector bending
dipole magnet. If it is replaced by a rectangular bending
magnet, the transfer matrix for edge focusing should be
considered. Following Sec. III in Ref. [23], with a wedge
magnet for edge focusing, a point-kick model in a rectangular bending magnet can be derived. Figure 25 shows
a schematic view of the two dipole magnets with edge
focusing elements, where Eij is the wedge magnet component and αij is the edge angle. In this case, the horizontal
coordinate deviation due to the CSR effect after the
rectangular bending dipole magnet is given by
 
xe
Xe ¼
x0e


ρð1 − cos θÞ
δ
¼
sin θ þ tan α2 ð1 − cos θÞ


ρ4=3 ðθ − sin θÞ
k; ðA1Þ
þ
ρ1=3 ½tan α2 ðθ − sin θÞ þ ð1 − cos θÞ
where xe and xe 0 are the coordinate deviations, and α2
indicates the edge angle after the sector bending magnet.
Provided that the CSR kick is applied at the center of the
dipole magnet, it is described by

 
  
Dk
ζk
xk
Xk ¼
¼
δ
þ
k;
ðA2Þ
0
0
xk
Dk
ζk 0
where Dk and Dk 0 are the dispersive terms of the dipole
magnet, and ζ k and ζ k 0 are the CSR-induced dispersive
terms.

ρ

×

cos θ2
cos θ2 tan α2

−

sin θ2



cos θ2

þ

sin θ2 tan α2


;
0

xk
xk

1

ρ sin θ2

C
A

ðA3Þ

where the 2 × 2 matrix is the next half of the rectangular
bending magnet in the horizontal plane. Substituting
Eqs. (A1), (A2) into Eq. (A3), Dk , Dk 0 , ζ k , and ζ k 0 can
be determined.
Dk ¼ 0;
θ
Dk 0 ¼ 2 sin ;
2


θ
θ
4=3
θ cos − 2 sin ;
ζk ¼ ρ
2
2
θ
ζ k 0 ¼ ρ1=3 θ sin :
2

ðA4Þ

Then, the point-kick model becomes

Xk ¼

xk
xk

0



0
Bρ
¼@

4=3


k

θ cos θ2

−

2 sin θ2

sin θ2 ð2δ þ ρ1=3 θkÞ

1
C
A;

ðA5Þ

which is identical to that reported in Ref. [23]. Therefore,
the CSR suppression condition in the rectangular bending
magnet is identical to the case of a sector bending magnet;
the edge focusing of the bending dipole magnet does not
contribute to determining the suppression condition.

APPENDIX B: CONCATENATED COMPONENTS
OF THE PHASE SPACE ONLY RELATED
TO δCSR
In Eqs. (7), (8), many terms arise from the concatenation
of the transfer map. Because each term accumulates a
number of matrix components during the propagation, we
check the terms M 15;0001 and M015;0001 for the CSR-induced
phase-space distortion as an example. These terms are
listed in Table IX.
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TABLE IX. Concatenation map to obtain M 15;0001 and M015;0001 components, which are related to δCSR . For
notational simplicity, the subscript 0001 is omitted throughout the table.
Δx0

Δx

Number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

M01
M02
M03
M04
M05
M06
M07
M08
M09
M10
M11
M12
M13
M14
M15

ð12Þ

¼0
ð12Þ
¼ B16
¼ M 02 þ M 002 D1
ð1Þ
ð1Þ
¼ M 03 Q11 þ M003 Q12
¼ M 04 þ M 004 D2
ð2Þ
ð2Þ
¼ M 05 Q11 þ M005 Q12
0
¼ M 06 þ M 06 D2
ð3Þ
ð3Þ
¼ M 07 Q11 þ M007 Q12
¼ M 08 þ M 008 D2
ð2Þ
ð2Þ
¼ M 09 Q11 þ M009 Q12
0
¼ M 10 þ M 10 D2
ð1Þ
ð1Þ
¼ M 11 Q11 þ M011 Q12
¼ M 12 þ M 012 D1
ð21Þ
ð21Þ
ð21Þ
¼ M 13 B11 þ M 013 B12 þ 2B16
ð22Þ
ð22Þ
ð22Þ
¼ M 14 B11 þ M 014 B12 þ 3B16

ð12Þ

For instance, B16 and B26 are the R16 and R26
components of the second half of the first dipole magnet,
ð3Þ
D1 is the length of the first drift space, and Q11 is the R11
component of the third quadrupole magnet. Each element
in the achromatic dog-leg is shown in Fig. 11.
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