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Lecture 4 Introduction = = i

In general, charged particles are focused and bent by use of magnets, and
accelerated by use of electromagnetic waves in cavities.

0A

DC acceleration is limited by high-voltage sparking and breakdown. It is very
difficult to produce DC voltages more than a few million volts.

RF accelerators bypass this limitation by applying a harmonic time-varying
electric field to the beam, which is localized into bunches, such that the bunches
always arrive when the field has the correct polarity (phase) for acceleration.

The beam is accelerated within electromagnetic-cavity structures, in which a
particular electromagnetic mode is excited from a high-frequency external power
source.
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» Electric fields near a good conductor: For both static and time-varying cases, the
electric filed lines are perpendicular to the surface.
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« Static magnetic fields:
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Boundary Conditions (Revisited)
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« Time-varying magnetic fields: Please use right-hand rules
for both currents !
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Electromagnetism of Waveguides/Cavities

V-B-0 ( H = J+gt£’
v!E-_ﬁ f:::ll \

. 1 dB
. VDep VxEB=—a
| UxH=i+32

v.B=0

. ' 7'0“'[’:

Moses Chung | Basics of RF Cavities 6




NS’
ULSAN NATIONAL INSTITUTE OF

KoP7¥S 2015 Helmholtz Equations = ===

We assume all fields and sources have a time dependence e~*t (or e/¢?)
E(r,t) = Re [E(r)e '], B(r,t) = Re [B(r)e "]
 E(r) and B(r) are generally complex (i.e., may have phase shift), and time

derivative is

g — =W
ot

« For source free cases,
V-E=0, V-B=0, VXE=wB, V xB=—iwuyegE
. . w
* Helmholtz equations with wave number ky = w+/lug€y = —
VE+KE=0, V*B+kB=0
* In terms of vector potential with Lorentz gauge:

1
B=VxA, V-A+—2%:O — VPA+kjA =0
C
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KoP7¥S 2015 Plane Wave in Free Space @ = =&==

* For free space (no boundary):
E(r,t) = Re [Eoe“k'r—wﬂ} . B(r,1) = Re [Boei(k'r_“ﬂ

« Phase velocity: W W w

’Uph:—: = = C
ko K| \/k§+k§+k§

« Consequences of Maxwell equations:
V-E=0 — k-E=0, V.B=0 — k-B=0

VxE=iwB — kxE=wB, VxB=—iwueE —>ka:—%1§3
C

Elk Blk E LB, E=cB
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KoP7¥s 2015 TM Mode Solution = = s

» From conducting boundary, electromagnetic wave can be transformed into TM
(Magnetic field is Transverse to z) mode.

 TM fields can be found from one vector component of the magnetic vector

potential (note that V- A + 0):
A=Az F

* In cylindrical coordinates:

(6’2 10 1 02 0?

T Tl A, + kA, =0
302+p0p+028¢2+322> T

* Separation of variables with arbitrary constant C (complex in general):

A, = C x J(k,p) cos(me)eti*az
2, 12 _ 12
—k; + kg =k

d? 1 d m2
L e (RN g (k) =0
[dp2 +pdp+< P p2>] (Fop)
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KoP7¥s 2015 TM Mode Solution = = s

« Field components can be expressed by A, alone:

1 0A., 0A,
B=-VxA — B,=-222 p -_%= p _|
T p o Y dp
. . 4B . 9B
E=— VxB — E,=—— 9By Ey=+— B,
WLOEQ wio€ey 0z wioey 0z
. . 82AZ .
B.= " [Vx(VxA), — B, =" VAL = L k2A,
W€ whpeg | 022 wpo€eo

« Boundary conditions:
Ey(p=a)=E.(p=a)=By(p=a)=0

Tm(kpa) =0 —s k, = xZ” = %

—  Xmn . N-th zero of the Bessel function of order m. (e.g., xo; = 2.405)

» Dispersion relation for guide propagation constant and wavelength:
2

2
222y W (2w
g 0 P o2 )\g c2
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KoP7¥S 2015 Dispersion Relation @~ &%=

« There is a “cut-off frequency”, below
which a wave will not propagate. It
depends on dimensions.

» At each excitation frequency is associated
a phase velocity w/k,, , the velocity at
which a certain phase travels in the
waveguide.

« Energy (and information) travel at group
velocity dw/dkg4, which is between 0 and
c. This velocity has respect the relativity
principle!

« Synchronism with RF (necessary for
acceleration) is impossible because a
particle would have to travel at v = v, >
c!

« To use the waveguide to accelerate

particles, we need a “trick” to slow down
the wave. - Cavities (with reflections)
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KoP7¥S 2015 Cavity = ===

« The capacitance from the fact that change on the wall of the cavity will induce
charge on the center conductor just like a capacitor.

« The inductance comes from the fact that as current is induced to flow along the
walls of the cavity, this produces an axial magnetic field in the same way as an
inductor.

* The resistance comes from the resistance in the copper walls.

1
Wres = 27Tfres - \/T—C
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KoP7S 2015 TM Mode of Pillbox Cavity ===

 We simply superpose two waves in a circular waveguide, one propagating in the
positive z direction and the other propagating in the negative z.

A, = C x Jp(k,p) cos(me) (eTs* 4 e_ikgz) = 2C x Jp(k,p) cos(me) cos(kyz)

p

a
@ ----- ->L‘7

« Additional boundary conditions atz =0 and z = L:

E,(z=0)=Ey(z2=0)=FE,(2=L)=FE4(z2=L)=0
E, Es xsin(kyz) — kL =prm (p=0,1,2,--+)

« Dispersion relation: discrete resonance frequency

w? Tom \ 2 T 2
2 (=) ()
c a L
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KoP7S 2015 Example: TMy;, Mode

« Simplest and lowest frequency mode: TM, ., = TM4,

2.405 2.405¢
k, = s W=wWoip = ——

» EXxplicit expression for fields:
. —iwt o -li) —iwt
E. =EyJo(k,p)e ", By = —27J1(kpp)e

Phase difference

A

o G sy 1E 1E B !

= = = e o o o o o o o o o e e - : 1
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 We suppose that the field is symmetric about z = 0, and confined within an axial
distance L containing the gap, in which velocity change is small.

) _y f A2 E(rz)
WL~ W— =4[ — = —— T 5r=a
v Be  BA !
| " /TN
) N AN
| | . /] \r=0
| |
—\i-z—g—ﬂh / i i \
Lz | L2 > L7
L/2
AW =g E(0, z) cos(wt + p)dz = qVT cos ¢
_L)2

where

L/2
Vo = /
—L/2

E(0,2)dz = EgL, T =

L/2

L2 E(0,z)cos(2mz/BN)dz

Vo

f%% (0, 2) cos(wt)dz f

Vo

* Accelerating voltage and gradient: Effect of transit time factor (T') is included.

Vacc —

Moses Chung | Basics of RF Cavities

V()T, EoT [MV/HI] =

VCI,CC
L
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* Physical meaning: ratio of the energy gained in the time-varying RF field to that
in a DC field of voltage V,cos(¢).

 Thus, T is a measure of the reduction in the energy gain caused by the
sinusoidal time variation of the field in the gap.

Ex] A simple TM,,, pillbox cavity of length g:

sin(mg/BA)
E0,z)=FE, =const., T =
( ) g Wg/ﬁx\
E(2)
If g/BA—0 1
1}
0.85— Eg
~ 06F
0.4F
g g2 0 g2

02EF

T I

- | 1 | 1 1 1 1 1 1 | 1 1
02F g/pr
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A figure of merit that measures the effectives of producing an axial voltage V, for
a given power dissipated P.
%5

Rs:P

* Including the transit time factor, we define effective shunt impedance:

~ (WT)?
=5
« Be careful ! Accelerator community uses different definition of the shunt
impedance. 2
Rcircuit — 0
s 2P

« R-over-Q: the ratio of R to Q (quality factor), which measures the efficiency of
acceleration per unit stored energy U at a given frequency.

-2

Q wU
— Assingle geometric quantity given in Ohms.
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KoP7¥S 2015 Cavity Parameters: Quality Factor

The quality factor Q describes the bandwidth of a resonator and is defined as the
ratio of the reactive power (stored energy) to the real power that is lost in the

cavity walls.

-
-

Amplitude (dB)

> Ex] For SC cavities, Q ~ 10'°~10*!. Why so high ?

Frequency (Hz)

» Filling/Decay time of a cavity:
_dU _ wol s U(t) = Upe 27, 1

_ 2
dt N P ’ B wo
If the cavity is connected with a power coupler, some power will leak out though

the coupler and be dissipated through the external load/waveguide.

L WOU o on
Qext — Pe:ct7 Qloaded — Pext +Pcav

Moses Chung | Basics of RF Cavities
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KoP7ES 2015 [Homework] ===

» For a pillbox cavity of length L and radius a operated in the fundamental mode
(i.e., TMy,, mode), express the following parameters in terms of geometric
parameters, surface resistance R, of the cavity wall, and/or basic physical

constants.

— Resonance frequency

— Quality factor

— Effective shunt impedance
— R-over-Q

Moses Chung | Basics of RF Cavities 20
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Circuit Theory of Cavities

“NO SMOKIN
"Zr=o (Loop)
Iy

Moses Chung | Basics of RF Cavities 21
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KoP7¥S 2015 Resonant Circuit = = = ==

* A parallel resonant circuit driven by a current generator is the simplest model for
describing a single mode of an accelerating cavity (damped driven oscillator).

av 1 V
I
s I(t)=C-—+ = .
. (1) Cdt+L/th+R
+
@ 7 — == L R 1 —1
_ ==+ —+7 I(t
V(t) (R—i—ij—l—ij> (t)
Zin :Zn
(a)
| Z ()] A — Resonance frequency:
wo — 1/\/ LC
R — Stored energy at resonance (U,,, = U,):

U=CV3E/2=L|IL|*/2
— Dissipated power:
P=V?/2R

— Quality factor:
.' > Q) =wyU/P =wyRC = R/wL

0.707R
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Equivalent Circuit for Generator/Cavity
« Transformer coupling: V' L1
Vv I” n V=
> Waveguide i tn 1 —> V B — %
v Z \;J
GE) Z CT RO L f};. EL R ¢
Matched ot © Power Cavity l
generator coupler Zon®=RIp
V/2 V2
P, = = N 2
ext 270 2Z0n2 Zo — Zon

» Coupling coefficient: a measure of the waveguide-to-cavity coupling strength.

Pemt o Qcav o WORC o R
Pcav - Qewt B U.)OHQZ()C B Z()TL2

Bc:

 Loaded 0:
1 1 1

1
p— —l— p—
Qloaded Qcav Qemt Qcav

— Note that loaded Q become 7z of the unloaded @ for critically coupled case (. = 1).

(14 8.)
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KoP7¥S 2015 Reflection Coefficient = = = ===

« A steady-state reflection coefficient produced by the cavity load impedance:

_ Reverse Voltage  V_ 7 — Zy at resonance B¢ — 1

I — — — N
Forward Voltage V.  Zp + Zj B+ 1

» Atime-dependent reflection coefficient:

(1)

— Voltage in the waveguide: v/ =y, 4 v_
— \Voltage in the cavity: V=nV'=n(V,+V_)

_ Reverse Voltage  V_(t)
- Forward Voltage V4

* The reverse voltage in the input waveguide is indeed the sum of the two (out of
phase) travelling waves; direct-reflected wave from the coupler + radiated
(diffracted) wave for the cavity.

Initially looks short Multiple internal reflection No reflection when critical coupling
drive turns on cavity fills steady-state

Moses Chung | Basics of RF Cavities 24
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1
0'8_ B=0.1
I2(t) = B
( ) £ 0.6:—
! 0.43—
0.22—
0:|||| I N T A T O N T O T B
0 1 2 3 4 5
V_(t) cos(wot) te V' cos(wot) = (V_(t) + Vi) cos(wot)

77— 77—

Ae=1 (citically copled)

Wolatge wavnform [Arbh )
Wolage waveform [Arb.)

Time [us) Time [us)

Moses Chung | Basics of RF Cavities 25



LINiST
Example: Turnonatt =0 e

L AN S Sy s S S S S S S L S N B A S S S S B S S RN S Y R A A
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Fe=0.1 mdercopled) ] i Ao=0.1 [mdercoupled)

—
1
—

T T T
1

Wolatge wravrefomm [Arb )
Wolatge wrareform [Arh.)

3 1 £
_2 -l " L 1 i 1 L i i 1 1 L L 1 1 I- _2 .I 1 1 1 L L 1 i i L i 1 1 L L 1
0 2 4 1] ] 10 0 2 4 6 8 10
Time [u=] p Time [p=)
V_(t) cos(wot) V' cos(wot) = (V_(t) + Vi) cos(wpt)
2 R - R R A R R R 2 R B S R ST AR T TR I S G G IS R
[ £c=10 (ovsrcoupled)
1| h

Volatge wranreform (b))
Volatge wanreform [Arh.)
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More Realistic Accelerating Cavities

ik o % R R R S R S
g 0 1 Mg B2 8 < ey f N | W JEER

Who drew this ?
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KoP7¥S 2015 Drift Tube vs Waveguide @~ = ==

« The Alvarez linac (see lecture 3) operates at the standing wave TM,,, mode,
with drift tubes used to shield the electric field at the decelerating phase.

» The effective acceleration gradient is reduced by the transit time factor and the
time the particle spends inside the drift tube.

« A periodically-loaded waveguide accelerator, where the phase velocity is equal
to the particle velocity, can effectively accelerate particles in its entire length.

* A waveguide accelerator is usually more effective if the particle velocity is high,
and there are two ways to operate high-3 cavities: standing wave or traveling
wave.

 The standing wave normally operates at 7/2 mode, where dw/dk has its highest
value (no mode-hopping to nearby resonances. See Brillouin diagram).

 However, the shunt impedance in /2 mode operation is reduced by a factor of
2, because only half of the cavity cells are used for particle acceleration.
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* In order to slow down the waves in simple waveguide, we introduce some
periodic obstacles. Iris acts as a scatter, resulting in a transmitted as well as a
reflected wave. I

1

— f—

A 2b

2a
-{ - -1l |- - - => Beam

A

>

.y

i L
- »

« The complicated boundary conditions cannot be satisfied by a single mode, but
by a whole spectrum of space harmonics.

 From Chap.3.11 of Wangler’s textbook:

2405
C\/l k[1 — cos(k, L)e=ah]

4a? 2.405
<1, a=

T 3mJ2(2.405)02L a
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Brillouin Diagram
Vph =C
- - reflected wave
n=0 4
\\ N n=1
direct wave
| k
n
T T T T Y T T T -
_gr 3= _m T 0 = R 3  2=%
L 2L L 2L 2L L 2L L

« For a given mode, there is a limited passband of possible frequencies; at both
ends of the passband, the group velocity is 0.

» For a given frequency, there is an infinite series of space harmonics (—o < n <
+ o). All space harmonics have the same group velocity, but different v,,.

- The directed (reflected) wave are characterized by v, > 0 (v, < 0), i.e., the EM
energy flows in the +z (—z) direction.

« At the end of the waveguide, the EM energy can either be dissipated into a
matched load (travelling-wave structure) or be reflected back and forth by
shortening end walls (standing-wave structure).
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« One can obtain a cylindrical standing wave structure by simply closing both ends
of a disk-loaded circular waveguide with electric walls.

« Owing to the additional boundary conditions in the longitudinal direction, we
obtain another restriction (i.e., discrete frequencies and discrete phase changes)
on the existence of electromagnetic modes in the structure.

I—:-: N+1 -
=, \\ I i L =,
Ly Ly Lc--3 Ly Ln_ji ;'_ Ly —~ LD§ Lo Lo Lo LG‘-—S Ly
3 3¢ 3 >
I [ B - L i |
2C, Cy Co Co C 2C,
wo
o | . wn: , n:O’lj...’N
V=K ' V/1+ rcos(nm/N)
@ — - - From Chap.4.10 of Wangler’s textbook.
i 1 - wy is the frequency of the /2 mode and of an
o : N=6=5 4+ 2x— uncoupled single cell.
Viek | 2 - k is the cell-to-cell coupling constant.

0 /2 T
vioses Chung | Basics of RF Cavities 31
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Standing Wave Structure = s

KoP7¥S 2015

» For acceleration, the particles must be in phase with the E-field on axis.
 Boundary at both ends is that E-field must be perpendicular to the plane.

= B\

= B\/4

[ =B\/3

Y s

mode 1
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Standing Wave Structure = s

These standing wave modes are generated by the sum of 2 traveling waves in
opposite directions.

Since only the forward wave can accelerate the beam, the shunt impedance
(effectiveness of producing axial voltage for a given power dissipated) is 2 of
that of the travelling wave structure.

The standing wave could accelerate oppositely charged beams traveling in

opposite directions.
0 AV VAVAVAYA

I ANVAN [\ LK
VAAVAVER 74/

T/4 /\ /\ e

Y AN AN ;. WA
W AVI/AVS

V U

;"3 k!

T/2

sie/ N /\ N\ RN LALK
YV WV TR

Time standing wave wave components
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KoP7¥S 2015 SW vs TW Structure REEE

Standing wave . Traveling wave t

b o ! o
Chain of coupled cells in SW mode. Chain of coupled cells in TW mode

Coupling (bw. cells) by slots (or open). On-  Coupling bw. cells from on-axis aperture.

axis aperture reduced, higher E-field RF power from input coupler at one end,

on axis and power efficiency. dissipated in the structure and on a load.
RF power from a coupling port, dissipated  Short pulses, High frequency (= 3 GHz).

in the structure (ohmic loss onwalls).  Gradients 10-20 MeV/m

Long pulses. Gradients 2-5 MeV/m Long structures, with no space for transverse
focusing
Used for Ions and electrons at all Used for Electrons at v~c
energies

Comparable RF efficiencies -\ Maurizio Vretenar (CERN)]
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KoP7¥S 2015 Coupled-Cavity Linacs

» Since every other cavity cell has no electric fields in 7/2 standing wave
operation, these empty cells can be shortened or moved outside.

« Such a design regains the other half of the shunt impedance and provides very
efficient proton beam acceleration for § > 0.3.

I < B2 > I
e I e T
(a) 7/2 mode of periodic structure
_— - _ -
(b) Biperiodic on-axis-coupled structure
e - _— -
(c) Biperiodic side-coupled structure

Moses Chung | Basics of RF Cavities 35
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EEEEEEEEEEEEEEEEEEEE

Protons change their velocity up to the GeV range (f = 0.95 at
W= (@ —1)mc? =2 GeV):

— Accelerating structures (distance between gaps) need to be adapted to the changing
velocity.

Electrons are almost immediately relativistic (8 = 0.95at W = (y — 1)mc? = 1.1
MeV):

— Basically from the source onwards one can use the same accelerating structure
(optimized for 3=1.0) for the rest of the linac.

Nearly the same velocity,
electrons . .
1 r but increasing energy
& “Einstein”
0
2
o protons
W0
Wi
D T T T T
100 200 300 400 50C

Kinetic Energy [MeV]
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» Basic Electromagnetism:
— R. K. Wangsness, Electromagnetic Fields (Wiley, 1986)
— J. D. Jackson, Classical Electrodynamics (Wiley, 1998)

« Beam and Accelerator Physics:
— J. B. Rosenzweig, Fundamentals of Beam Physics (Oxford, 2003)

— M. Conte and W. M. MacKay, An Introduction to the Physics of Particle Accelerators
(World Scientific, 2008)

— T. P. Wangler, RF Linear Accelerators (Wiley, 2008)

* RF Technology:

— R. Pasquinelli and D. McGinnis, Microwave Measurements and Beam Instrumentation
Lab. (USPAS, 2012)

— F. Gerigk, RF Basics | and Il (CAS, 2013)
— D. M. Pozar, Microwave Engineering (Wiley, 2012)

*Special thanks to USPAS director, Prof. William Barletta, who provides the USPAS lecture slides and allows
me to reuse some of them for this lecture.
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