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Maxwell Equations = ==

Classical electrodynamics is governed by the Maxwell equations. In the Sl
(MKS) system of units, the equations are

V-D = »p
V-B = 0
0B
E = ————
V x 5
oD
H = J+ —
V X +8t

For external sources in vacuum, the constitutive equations are

DZE()E, H:B/,uo

The equations are linear: the sum of two solutions, E;,B; and E,, B, is also a
solution corresponding to the sum of densities p; + p,, J; + 5.
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Charge and Current Densities = = &

The free electric charge density and current density are related by the equation
of continuity, which is implicit in the Maxwell equation.

dp
o tV-I=0

For a point charge moving along a trajectory r = r(t),

p=qdlr —ro(t)], J=qvi[r—ry(t)]

dI’O (t)
dt

VvV =

Note that in 3D:
ote thatin Sl — ro(1)] = 6(x — 20)0(y — 10)d(z — z0)

— In cylindrical coordinates:

1 Azimuthall tri 1
Slr—ro(t)] = ~0(r—r0)8(0—00)8(2—20) s 8 (r—70)8(2—z0)
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LUMisT
Scalar and Vector Potentials

It is often convenient to express the fields in terms of the vector and the scalar
potentials (two homogeneous Maxwell equations-equations with no charge or
current source terms- are automatically satisfied).

OA

E=— S —
Vo ot
B=VxA

The potentials are not uniquely specified.

gb—>gb—aa—/t\, A— A+ VA

We can choose a set of potentials to satisfy the so-called Lorentz condition.

106 _
2ot
The Lorentz condition results in the symmetric and decoupled form of the
Inhomogeneous wave equations.

V-A+ 0

) 1 92A 1 ¢
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UNisT
Coulomb Gauge = = ===

Within a closed region of space containing no free charges, surrounded by an
equipotential surface (e.g., RF cavities): Uniqueness theorem

1 2
V2¢—C—2%:0—>¢:const.:0

The Lorentz condition becomes Coulomb gauge.
V-A=0
The electric and magnetic fields are obtained from the vector potential alone.
0A

E=—— B = A
ET V X

For time-independent case (e.g., Magnets),

J /
E=0, V2A =] = A(r)="2 / RGO
A7 | |r— 1’|
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Example: Uniform Magnetic Induction
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* Let us consider a uniform magnetic induction given by B = BZ where B = const.

Infinite current sheets

AY
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N //1
N /
N g\
AN //
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A = (O, Bz, O)

* For all three cases:

Infinite current sheets

Inside a long solenoid

AY AY
\\-( ,J/
\\\/ ///
< =7
\\( e
N N ah R
“x x
N kk_//
e AN
L~ N
il AN
-’ TN

V-A=0, B2=VxA, A|J bysymmetry

— Uniform B fields can be produced within a given region in a variety of ways
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UNisT
Boundary Conditions = &%

» Inside perfect conductor, all of the field vectors will be zero. If n is the unit normal
vector pointing outward from the surface of the conductor,

A-D=Y axE=0 a-B=0, axH=K

El Hj "L
H
n
k)
£=0

L—>
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Examples of Boundary Conditions ==

» Electric field near a good conductor: <+ Static magnetic field near u,, = 1(even in
the case of a good conductor)

[\
|

— > magentic diffusion time oc op
w

- Static magnetic field near u,- >» 1(i.e., = Time-varying magnetic field near a good
ferromagnetic material) conductor (i.e., small skin depth):

o (pwo) /2

I I

16 NGO 1Co)
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Energy Balance @ = =

« The energy density of the field (energy per unit volume) is*

1
u=;(E-D+B-H) = (E°+B)

« The Poynting vector gives energy flow (energy per unit area per unit time) in the
electromagnetic field.

S=ExH

« Time rate of change of electromagnetic energy within a certain volume plus the
energy flowing out through the boundary surface of the volume per unit time, is
equal to the negative of the total work done by the fields on the sources within
the volume:

U v .s-_J.E

ot
0
—/udUJr]{S-da:—/J-Edv
ot Jy s v

*Note that for plane EM wave in vacuum: E = c¢B (Electric energy = Magnetic energy)
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Time-Harmonic Fields

We assume all fields and sources have a time dependence e~*t (or e/¢?)

E(r,t) = Re [E(r)e_iwt}
- Time-average of the products: Phasor

(I(r. 1) B(r, 1)) = %Re T'@)-E)], (S(r.t) = %Re B(r) x H* (r)]

* Complex Poynting theorem:

ULSAN NATIONAL INSTITUTE OF
SCIENCE AND TECHNOLOGY

1 1 1

“IVi= - (R—iX) |L]* = ——]{ E xH" -nda

2" 2 — 2 S,

| —Z=(R+jX)
Complex powerinput  pqr gjectrical engineers 1 [ o 1 [
= —/J*-Edv+2zw/(we—wm)dv+—j{ E xH* -nda

2 /v v 2 Js—s,
% 1 (E-D*) _ s .m)
e we—4 awm—4
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Skin Depth e

« For a good but not perfect conductor, fields and currents are not exactly zero
inside the conductor, but are confined to within a small finite layer at the surface,

called the skin depth.
9 1/2
= ()
LW

» Fields inside the conductor exhibit rapid
exponential decay, phase difference,

o E—
A

(i magnetic field much larger than the electric
. | field, and inside fields parallel to the surface.
', decays rapidly
B —~

H. = I‘IHG_&/(SG%/(S

E. ~ 'L;Cw (1—4)(n x Hy)e &/%e/?
o

J:(TEC, Keﬂ‘:/ de:ﬁXH“
0

« Time-averaged power absorbed per unit area:

d‘PIOSS
da

1
= —SRe[n-Ex H] =

~—
Ry = \/pew/20 = Surface resistance
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Relativity

When forced to summarize the general theory
of relativity in one sentence: Time and space
and graviton have no separate existence from

matter.

(Albert Einstein)

izquotes.com
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UrisT
Inertial Frame e

Galilean transformation

» 2 = -Vt
Y
- yoo=
, X = beamrest frame ; = 2
fived frame moving frame Vo= ¢

= |lab. frame b—@' b—@l

All inertial frames are in a state of constant, rectilinear motion with respect to
one another; F = F' (the laws of the mechanics are the same)

A non-inertial reference frame is a frame of reference that is
undergoing acceleration with respect to an inertial frame.

F = ma holds in any coordinate system provided the term 'force' is redefined to
include the so-called inertial forces.

Lorentz transformation (only refers to transformations between inertial frames)
for relativistic motions (y, = 1/4/1 — V2/c?)

¥ = -Vt

z = Z

' = <t — K:I?)
2
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UNsST
Time Dilation and Lorentz Contraction R

Time interval appears to be longer to the moving observer (this is a relative
concept !) than it does to the one at rest with respect to the clock.

v
At =t —t] =y |:<t2t1)2($2$1)
C™ —_——

=0

= ’ybAt > At

Ex] Unstable particles such as muons should have a longer lifetime than resting
ones as accelerated.(We can think the muon is at rest, the observer is moving)

As found by the moving observer, the length (whose ends are determined
simultaneously) in the direction of motion will be contracted.

A
Ar' =y [1=V?/?] (12 —a1) = 7—56 < Az
b

Ex] Longitudinal Lorentz contraction of the bunch in relativistic beams. (We
can think the beam is at rest, the observer is moving)
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UNsST
Special Relativity Handle Acceleration? R

It is often said, erroneously, that special relativity cannot deal with accelerations
because it deals only with inertial frames.

Sometimes it is claimed that general relativity is required for these situations; if
that's the case, accelerator physics must have been much more complicated!

This is not true. We must, of course, only allow transformations between inertial
frames; the frames must not accelerate.

Special relativity treats acceleration differently from inertial frames and can deal
with anything kinematic, but general relativity is required when gravitational
forces are present.

Moses Chung | Basics of EM, SR & CM 16



ULSAN NATIONAL INSTITUTE OF

Main Results of Special Relativity R

Relativistic parameters: Don’t be confused with Twiss parameters.

v 1 1 1 1
~~ 2 J— ~~
B=— 1= ——=rnl+0 B=/1-5~1-5
c 1— 2 2 9 2
‘ Energy is increased, but
electrons 77
' velocity is nearly constant
< “Einstein”
©
2
; protons
wot
0 T T T T
0 100 200 300 400 50¢

Kinetic Energy [MeV]

The total energy, mechanical momentum, and kinetic energy of a rest mass m:

1
E =~ymc*, p=mpe, T = (v —1)mc* — §mv2 (v <)

The relation between total energy and momentum in the absence of EM fields:

E =\/p*+ (mc®)?, or 7* =(8y)" +1
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Energy and Mass Units = = ==

To describe the energy of individual particles, we use the €V, the energy that a

unit charge o
e =1.6 x 1077 Coulomb

gains when it falls through a potential, A¢p = 1 volt.
1eV=1.6x10"1 Joule

We can use Einstein’ s relation to convert rest mass to energy units.

Erest — mc2

For electrons,

Erest = (9.11 x 10731 kg) x (3 x 10% m/s)? = 0.511 MeV

For protons,
Frest = (1.67 x 10727 kg) x (3 x 10® m/s)? = 938 MeV
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NiST
Lorentz E qu ation and Effective Mass e

* Lorentz equation: We need to consider changes of y in time.

d d
dIt) pr —(ymv) =F =q(E +v x B)
dt =B85 dt ¢ dt

« Parallel and perpendicular decomposition:

dv dv dry
’ym(dt) +7m<dt> +mv$ FJ_‘l’F”

— Parallel acceleration: v =

dv 5 o [dV 3 dv
-7 —F, — — | =F
o ( dt ) || TympTy < dt ) “ r ( ar ), !

— Perpendicular acceleration:

dv dv
() < — o (%) -w

perpendicular mass
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Transformation of Momentum

4-veloity: _— dry % —_— dry vy
L= Ty \/1 _ 2/02 27 dr \/1 _ 2/(:2
U — drs vz U, — dry 1
3 dr — /1— (2/&2) YT dr T /1 (02
where
v? =02 + Us + 02, dr =dt(1 —v?/c®)? = invariant = proper time

U12+U22—|-U32+UZ:721)2—7202:—

4-momentum:;

<P17P27P37P4):

}2 — b <}Z:__

mv

VI=(

p= = ymv

2/62

v

CQ

1B
m<U17U27U37U4) — <p77) — P — —5 = —mc

E>, P;:Py, P, =P,, E' =~ (E—-VP,)

— Transverse momentum is invariant under this transformation.
— Transformation rule for ordinary velocity is complicated as we need to transform both

displacement and time

Moses Chung | Basics of EM, SR & CM
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LIIST
Transformation of Potentials and Fields R

« Lorentz transformation of potentials:
V / / /
A — b (A —C_2¢>7 Ay:Ay7 Az :AZ7 ¢ :,Yb(¢_VA:B)
» Lorentz transformation of fields: Longitudinal fields are “Lorentz invariant”

v
E =E|, B =B), E| = (EL+V xB,), Bl:'yb<Bl_c_2XEL)

Ex] Pure electric field in beam rest frame (i.e., primed system): A pure electric
field to one observer may be seen as both an electric and a magnetic field to a
second observer.

E, = (E. - VxBY), BJ_—’Yb<B/—|——><E/>

E
F, =q(E, +vxB,)~ ‘g;
b
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Fields of Relativistic Point Charge

» The field distribution is Lorentz contracted into a thin disk perpendicular to the
particle’s direction of motion with an angular spread on the order of 1/y.

(a) ? (b)
—>
E
A
Pillbox for
1
2 - Gauss Law
Y : :/
|
q v qi¢—» C
|
v

v-Ezeﬁz—(sr—ro(t)]: Eq 25”25( ~et)

q
orrEydz = - E, = -
—>/ mrE.dz = //60% ct)2ardrdz — 27T€07°5(Z ct)

V x B = ppd = poqvdlr —ro(t)] = ,uoqv%é(z — ct)

o(r E,
— 2mrBy = //,Loqc?ﬂ%&z — ct)2atdr — By = gﬂcé(z’ —ct) = —

mr C
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Relativistic Doppler Shift = ===

The Doppler effect is modified to be consistent with the Lorentz transformation

/\observed — (C - U)Tobserved — (C - U)’YTsource
waves radiating 11—
- from the source = ———CTsource
_ v
-5
e ist&tic}nar}# A 1 — [1/2~2 1
0" bsorer observed _ fsource _ B y / i _
Asource fObSGTUGd 1+ B 2 27

My ing Source

Ex] Fundamental radiation wavelength from undulator, which is a periodic
arrangement (4,,) of many short dipole magnets of alternating polarity.

— Electron sees length contraction of the undulator period: X, = A\, /v

— The electrons oscillate at a corresponding higher frequency: w = 2w¢/)\,

— The electrons emit radiation just like an oscillation dipole: P = (2 /6mepc®)v? oc w
— For a stationary observer looking against the electron beam, the radiation appears

strongly blue-shifted:
a4 Aobserved A;L/(2f}/) ~ )‘u/(Q’VQ)

Moses Chung | Basics of EM, SR & CM 23
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Classical Mechanics

My downfall

was
Newton's
~5 A inspiration!

Moses Chung | Basics of EM, SR & CM 24



NisT
Lagrangian Mechanics &%

If we take the nonrelativistic case of a conservative system and B = 0, the
Lagrange function is defined by the difference between kinetic and potential

energy.
L=T-V
Hamilton’s variational principle states that the motion of the system from one

fixed point at time t; to another point at time t, is such that the time integral of
the Lagrangian along the path taken is an extremum (actually, a minimum).

tQ t2
5/ L(q,q,t) dt = / 0L(q,q,t) dt =0
t1 ty

« Lagrangian equations of motion:
q;’ doL 0L

— - = =0
dt 8(]1 8(]2’
« Canonical momenta (or conjugate momenta):

(1)
- oL
’ — P04,

= pc,; in the FOBP textbook

Moses Chung | Basics of EM, SR & CM 25



risT
Hamiltonian Mechanics = ‘=

Hamiltonian is constructed from a Lagrangian:

Hamiltonian equations of motion:

o = () ()] ()

1

oL oL oL
= lidpi + pidq; — el ey li| — | =7 ) dt
D | didpi+ pidi (a%)dq (aq)dq (815)

’ — ——
| =pi =pi i
dt N 6pi’ dt N 8%‘ ’ ot N ot

Conservation of Hamiltonian: if it does not depend explicitly on t, it becomes a
conservative system (Hamiltonian systems need not be conservative in general).

dH OH . OH . OH . . OH
E:Z[a—%Qz'JFa—mpi]ﬂLW:Z[_MJFWJFE

)
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[Example]
Non-relativistic simple harmonic oscillator: | :
1 I
H = — [p; +m*w?a?] 0.5
2m .

. . . [_JX

Equations of motion: 05
—1F
H c . H . :
jzza :p—, px:—a—:—mw%:Her w? =0 15t
Op: m Ox ‘\k7/ N
=Kk/m _:4

Well-known solutions:

x(t) =z, sin(wt + 0p), p.(t) = mwa,, cos(wt + Oy)

Area of the phase plane ellipse:

j{pmda: = ]{pxj;dt = f(H + L)dt = j{QTdt = %mwafn cos? (wt

Moses Chung | Basics of EM, SR & CM

1
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27



NS’
ULSAN NATIONAL INSTITUTE OF

[Example] = = e

Lagrangian for a central force problem in 2D:

_1 -2 292 v
L—2m<r +7°9)—V(7“) . {/L;?f Ea'

Canonical momenta:
aL . aL 2 b
D= — =mr, pg=— =mrf

or 00
Hamiltonian:

: : 1 2
H:prTereQ—L:—(P%ﬂLp—g)JFV("")
2m r

Equations of motion:

dg  OH d OH
- = e — 7579“2’ 5: =~%0 = 0 — pg = const. = [ = angluar momentum

dr OH p,. dp, OH 12 ~oV(r)

dt — Op, m’ dt or  mr3 or

Moses Chung | Basics of EM, SR & CM 28



Generalized Potential in EM Fields

Lorentz force in terms of potentials:

— We used the fact that (x,y,z) and (vx, vy,vz) are independent variables, and

F

dp _

= dt—q(EJrva)
[ OA

— q-—qu—W—FVX(VXA)]

= q —ng—%—?—(v-V)A—f—V(v-A)]
: dA

= Q_—V(Qb—V'A)—E}

V(a-b)=(a-V)b+(b-V)a+ax (Vxb)+bx(Vxa)

If we recognize:

dA, d 0
dt  dt

@-v-A) - g v a)| b= G

Here, we used the fact scalar potential is independent of velocity.
U* =q¢ — qu - A is the generalized potential used in Lagrangian

Moses Chung | Basics of EM, SR & CM
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NiST
Relativistic Dynamics in EM Fields e

« Lagrangian with velocity-dependent potentials U*:

L = —mdc? (1 —02/02)1/2 —qp+qv-A

oL 1 20,
To derive it from the scratch is beyond scope. Just check, E —mc® x (-57) <— CQ' > = VMU

« Canonical momenta: mechanical (kinetic) momenta + vector potential contribution
v = (&,19,%) or (r,r0,32)

oL
94,

Pi

Ex] Cartesian coordinates:

oL :
Pz — % — Pmech,x + qu: = Ymx + qAx

Ex] Cylindrical coordinates:

oL .
Po — % — Pmech,6 + QTAQ — WmTQQ + QTAG

Moses Chung | Basics of EM, SR & CM 30



NiST
Relativistic Dynamics in EM Fields e

Hamiltonian: Using Cartesian coordinates, one can prove

H = Zpidi—L
—_— V-(fymv—{—qA)—I—mc2\/1—U2/CQ—qV‘A+Q¢

1
= ymc® (52 + ?> +q¢ = ymc® + q¢

= /2m202c® + m2ct + qp = \/pgnechc2 + m2ct + qo

Ex] Cartesian coordinates:
H = c[(p—qA)?+m>]* +q0
= ¢[(pe — qA)? + (y — aAy)* + (p: — qAL)? +m3] " 4 go

Ex] 4-vectors: (p — gA, i(H - q¢)> » (p— qA)? — M = —m?*c?

C

Ex] Cylindrical coordinates:
1/2

—arAa\ 2
H=c [(m _gA)? 4 (w) +(p, — qA)2 +m2E| 4 qo

r

Moses Chung | Basics of EM, SR & CM 31
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Canonical Transformation = = &=

The variation of the action integral between two fixed endpoints:
tQ t2
5/ Ldt:5/ p-q—H(q,p,t)] dt =0
t1 ty

We would like to transform from the old coordinate system (q, p) to a new
system (Q, P) with a new Hamiltonian K(Q, P, t):

to
3 [ 1PQ-K(@QP.) d =0
ty

One way for both vibrational integral equalities to be satisfied is to have

dF

Alp-d— H(q,p.t)] :P-Q—K(Q,P,tH%

If A # 1, it is extended canonical transformation. If A #= 1 and % = 0, it is scale
transformation. These transformations do not preserve phase space volume

Moses Chung | Basics of EM, SR & CM 32



) oOF
Case 1: F=F(qQ.1) pi:+81’
qi

Case 2: OF
F=Fy(qP,t)-Q P pi = +—2,

an’

Case 3: OF
F=FrQ,p,t)+tq-p qz:—ag»

Pi

Case 4: OF
F=F(/pPt)+q-p—Q-P C]z:—ap%,

Generating Function

NS’
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The function F is in general a function of both the old and new variables as well

as the time. We will restrict ourselves to functions that contain half of the old

variables and half the new; these are useful for determining the explicit form of

the transformation.

In all cases, new Hamiltonian and equations of motion become:

OF; dQ); 0K dP;
K — H = —
+ ot '’ dt OP;” dt

Moses Chung | Basics of EM, SR & CM
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- 9Q;

-5
Qi = —f-g};f
-4
Qi = +g};j
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[Example] = = e
 For F; we will show
p-a—H(a,p,t) =P Q- K(QP,1)+—-
*  Proof:
dF B 8F3 8F3 . 8F3 . . .
E N ot + Z 8@@ QZ + apz Di t +4ipi + Pigi
A g —~—
=—F; =—4q;
OF; . _ _ |
= o T ; <_Pz'Qi — 4 + 4 + piQi)
0P : .
= 5 P-Q+p-a
Therefore
OF3 . . AF

Moses Chung | Basics of EM, SR & CM 34



[Example]

For non-relativistic simple harmonic oscillator:

x(t) = xp sin(wt + 0y), pz(t) = mwx,, cos(wt + )

Let’s use generation function of type 1: F;(q,0Q,t) = F(x,08), 6 = wt + 0,

9 9 , 9

1
— F(x,0) = /pxda: = / <mw L cos 0) dr = §mwx2 cot(0)

sin
— J = _9 1mou:c2 cot(0) | = 1mcu:c2 R lmcuasQ =U/w
00 \2 2 sin?() 2"

—sH =H=U=Juw

Action—angle variables: J and 8 (new canonical variables instead of x, p,)

The action (J) is also generally known to be an adiabatic invariant:

1
J = o p.dx = remains constant when the parameters of an oscillatory system are changed
e

Moses Chung | Basics of EM, SR & CM
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risT
Change the Role of Time Coordinates e

* Provided that the reference particle moves without backtracking, or some
particle coordinate g; increases in time, we can change the role of that

coordinate and time.

/tQ[p-Q—H(q,p,t)] dt:/tQ[p-dq—H(q,p,t)dt]

p-dq— Hdt =) pidg + (—H)dt = (sz'd%’ + (H>dt) — (—p;)dyg;
i ]

L «— qj
dq; _ OH  dp, _ COH  di _ I(—p;) d(—H) _ ~9(—py)
dt  Op;" di 0q;  dg;  O(=H)  dg ot

Moses Chung | Basics of EM, SR & CM 36
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Paraxial Approximation

Design trajectory (Design orbit for closed system): Ideally preferred trajectory
through the system (a locally Cartesian or curvilinear in circular machines)

Paraxial rays: Vector representations of the local trajectory, which have an angle
with respect to a design trajectory that is much smaller than unity.

Design trajectory

Paraxial rays — b v

tanf, = — = —
Pz Uz

Distance along the design trajectory (e.g., z) as the independent variable rather
that time t: Because in an optic system (for charged particles or photons) the

forces encountered are always specified in space not in time.
Paraxial approximation:
PP Pay < p: = |l

, dx

- = tan(@x) ~ 0, ~ Sin(@m) <1
dz

T
i+ w?r=0— 2" + k2 =0, k:w/vz—>xmk~%m<<1

Moses Chung | Basics of EM, SR & CM 37
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Distribution Function &
* Distribution function:
Discrete (real world) Continuous (mathematical approximation)
3 ........................
- How to deﬂne phase space area ? ]
2 > See RMS emittance .
b T “ U] _
T s NEMLI ; The number of particles found
<of o R e R in a differential volume in the
F Rl D e Ty f(x p )P xdp = .
B I St S . fx.p.1) P neighborhood of a phase space
S S T ] location x, p at a time ¢
L N ) ]
_3:....|....|....|....|....|....
-3 -2 -1 1 2 3

« With a smooth phase space distribution, the charge and current distributions
associated with such a distribution are also continuous and smooth.

« The fields derived from the smooth charge/current densities may be termed
macroscopic. Deviations from these approximate fields (near an individual
particle) may be termed microscopic.
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Liouville’s Theorem e

Total time derivative of the distribution function:

df _of
E—E‘FX Vi+p-Vpf

From continuity in phase-space:

of .
0= 5+ V- (xf) + Vp- ()

If the forces are derivable from a Hamiltonian:

ﬁ 8f Z dr; Of dpi of
dt dt 83:2 dt Op;

: -Z(ii: “ont) =2 o (&) -2 (5] =0

In other words, when no dissipative forces (i.e., ignoring degree of freedom), no
particle lost or created, and no small-impact-parameter binary Coulomb

collisions between particles: df

at =Y

Continuity: 0 = g—{JrV (%Xf)+Vp(pf) — V(x)+Vp-(p) =0 :Imcompressibility
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Some Comments on Liouville’s Theorem T

Liouville’s theorem states that the phase space density encountered as one
travels with a particle in a Hamiltonian system is conserved.

— The density of any volume of phase space whose boundary follows the Hamiltonian
equations is constant.

— The volume occupied by particles in phase space (=emittance) is conserved (shape
may change).

Liouville’s theorem is valid not only for the time-independent Hamiltonian case,
but also for the time-dependent Hamiltonian case.

Liouville’s theorem is valid for both equilibrium and non-equilibrium systems.
Liouville’s theorem is valid for both linear and non-linear systems.

Liouville's theorem does not imply that the density is uniform throughout phase
space.

Liouville's theorem only holds in the limit that the particles are infinitely close
together. Equivalently, Liouville's theorem does not hold for any ensemble that
consists of a finite number of particles.

Liouville's theorem holds even in the presence of space-charge and wake-fields,
but not with microscopic binary collisions.
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Emittance
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The phase space area/volume (emittance) occupied by a particle beam is an
invariant. (Incompressible flow)

. X

x4

L
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RMS Emittance

* In the case of a real beam with a finite number of particles (N), an RMS
emittance can be defined for an effective phase-space area (or volume).

coms = (22 (52) — {aps)? . /

- Depends not only on the true area

occupied by the beam in phase /
space, but also on the distortions
(b)

produced by nonlinear forces. (@

-> Hamiltonian flow: Phase-space
conservation + Entropy growth: Phase-space area = 0 Phase-space area = 0
Filamentation RMS emittance = 0 RMS emittance > 0

* However, when nonlinear forces act on the system, e.g. nonlinear magnetic
fields, space charge force, the RMS emittance is not conserved. . . ...

-> Dilution of phase space density

Nonlinear force
1 3 1 3 1 3
| ) | . | i
{ c O 1 [} 1 Ty 0O
{ =1 1 = 1 -1
2

| o |
-3 -3
3 7 1 o 1 7 3 4 g 3 2 1 [l 1 7 3 4 - N

o

For finite N, average distance of thé

particles in one spiral equals the
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