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Lecture 1
‘Single’ Charged Particle Motion
In Static Fields

(Ref: Ch. 2 of UP-ALP, Ch. 2 of FOBP)

Moses Chung (UNIST)
mchung@unist.ac.kr
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[Basics] Main Results of Special Relativity

Relativistic parameters: Don’t be confused with Twiss parameters.
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Kinetic Energy [MeV]
The total energy, mechanical momentum, and kinetic energy of a rest mass m

E=~mc*, p=vmpe, T = (y—1)mc* — §mv2 (v c)

The relation between total energy and momentum in the absence of EM fields:

E = \/p*c + (mc?)?, or 7* = (B7)* +1
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[Basics] Energy and Mass Units =

To describe the energy of individual particles, we use the eV, the energy that a

unit charge
e = 1.6 x 107! Coulomb

gains when it falls through a potential, A¢ = 1 volt.
1eV=1.6x 10" Joule
We can use Einstein’ s relation to convert rest mass to energy units.
E’rest - m02

For electrons,

Frest = (9.11 x 1073! kg) x (3 x 10® m/s)? = 0.511 MeV
For protons,

Erest = (1.67 x 10727 kg) x (3 x 10® m/s)? = 938 MeV
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1.1 Motion in a uniform magnetic field

Motion of charged particle in EM fields:

d—p:q(E—l—VXB):F,

dt

&e _

F
dt

-V
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— where the momentum p and energy £ of the particle are given by p = mgyv, & = moq/cz
— and m, is particle rest mass, and y is the relativistic mass factor.

In a uniform magnetic field: Conservation of energy

dyv
mg%:qva,

Equations of motion: B = B2

d
d—f=0—>8:const., p =

\/P% + p?2 = const.

Moyl = quy B and moyty, = —qu, B, U, =0

. qB . (qB )2
Vg = ——0Uy = — Vg
mo7y mo7y

Cyclotron frequency:

_| 4B

Yo

We
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1.1 Motion in a uniform magnetic field (cont’d) ===
General solutions: /—\‘ phase

Uy = —Um cOS(Wet + @), vy = U, sin(wet + @)
xr = Rsin(w.t + ¢) + xg, y = £Rcos(w.t + @) + yo
Meaning of the parameters:

v tvy =vp, =vl, R=vn/we=p, (v—20)°+(y—y)’ =R

Physical meaning: Balance of radial force (Lorentz force, F|) and centripetal force

2
Ymov

R

=quiBy or py =¢qBoR
Magnetic rigidity [T m]:
ByR = p—L, or Bp= P
q q
Pitch angle: Associated with helical motion

0, = tan_l(pz/pj_)
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« Circular accelerator: * Focusing solenoid:
— Very small pitch angle — Very large pitch angle
— Indeed, p, = 0 — Indeed, p, > p,
— Circular design orbit — Straight design orbit

—>Be careful ! Later we will reassign x, y, and z coordinates.
—In fact, B fields are applied locally around the particle orbits.
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1.2 Circular accelerator

We analyze the charged particle dynamics near the design orbit. The design orbit is
specified by a certain radius of curvature (R) and a certain momentum (p, = qByR)

A new locally defined right-handed coordinate system:

Vertical: direction of dipole magnet field

Individual particle’s radius
P p=R+=zx

Horizontal: deviation away from the design
orbit

Design orbit ;. _ Rd¢

Equation of motion in this new coordinate system: Homework (Problem 2.1 of FOBP)

dp, '}/mO’U?b
d  p

— qug By (2.9)

The azimuthal velocity and radial momentum:

Reference /\

Vp = pP # 5 =vg, and p, = ymop = YmoT = P,

Individual particle’s velocity
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1.2 Circular accelerator (cont’'d) ==

Linearization of Eq. (2.9) by assuming x «< R: Lowest order Taylor series expansion about
the design orbit equilibrium (p, = p, = 0 at p = R),

dp:r: 7m0v8 ’)/m()’l)g
_ —quoBy ~ 1Y% (R4 ...)— quoB
dt ~ R(1+a/R) 1070 (- @/Et-)—qubB
2
ey 28 s

Using the definition of the design radius and cyclotron frequency we have:

d’x 9
W —}—wcx:O

Using s as the independent variable we have:

(...)fEdi;:_

1 2
CC”—|—(E) ZL':O

Simple harmonic oscillations about the design orbit for particles having the same
momentum (p, = qByR): We call it Betatron oscillations - Basis of phase advance and
tunes.
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[Note] Dispersion e

« Displacement of an arbitrary particle from the design orbit due to deviation from the design
momentum:

dp=p—po

* An analysis which treats the particle dynamics only in a first-order Taylor series in both
betatron (i.e., angle and offset) errors and momentum errors is by assumption a
description which is additive in these quantities:

)
r=2x3+ nI—p
\/ J " \ s
Fractional momentum deviation /_\\

- - - ergy reference ~
Betatron orbit Dispersion =0, onen ay Oorbjt

« The coefficient n, (or D,) is termed the dispersion, and is generally a detailed function of
the magnetic field profile with variation in s.

* In case of a uniform magnetic field, the dispersion is constant at the design momentum:

_O0x Oz _ Ox _pa_R_R(p)
= s, [519} "a(p — po) OﬁpJ ’

Po
R(p) =p/qBy  Ris afunction of p
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1.3 Focusing in solenoids

V-

The key to understanding the motion of a charged particle in a focusing solenoid is to
recognize how the angular momentum, which drives this helical motion, arises.

We need to ask what happens when the charged particle moves from a region where the
magnetic field vanishes to one where it is uniform.

Iron for magnetic To reduce leakage flux

flux return

Charged particle
test trajectory
P = Po
B=0 Magnetic field
lines
p=70
Symmetry
axis
First order Taylor expansion
1 . . . 1 . .
B — 9B 9B, 0B B = —2B(2) (@i + yi) + Ba(2)2 = —> BL(2)pp + Ba(2)3
Ox dy 0z 2 2
0B 0B 0B B 0B
~ 9 "% z A z (0B,
83:+82 (or 8p+p+8z) B;(Z):<az
(0,0)
= 0
0B 108 1 1 1 .
JS:__ Z:__Bf — I ":_
— 5 95 55- A 2Bz(z) (xg — yz) 2Bz(z)pﬁ
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1.3 Focusing in solenoids (cont’'d) S

« Transverse momentum kick imparted to a charged particle as it passes through the fringe
field region: Kick is —@ direction
Rotation is CW for g > 0

t z z

g 2 po [** (0B, \

Ap| ~ .B,dt = B,dz = —qg— = B = — —B
pJ_ q \/t; ’ g qll g : q 2 zZ1 ( 82 >P: [/(Zz % q 2 0

« Rotation in the axisymmetric system due to conservation of canonical angular momentum
or Busch’s theorem:

— vmp®0 + gpAy = const.

> CI):/B-da:/VxA-da:fA-dl:QWpAg

® = 0 outside the solenoid, but ® # 0 inside.

ymp26 + 4 & = const.
2

* Acharged particle with no initial transverse motion displays helical motion inside of the
solenoid, with radius of curvature such that the particle orbit passes through the axis.)

R:M:@ const—’ympﬁ/—l——}b/ 0-7mp29—|—qu9—>p—0

B 2
450 Focusing toward axis
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[Note] Equations of motion

Equations of motion for constant y:

F = ¢gvxB

= q(@& 49y + 22) x —§Bi($w+yy)+Bzz]

B!

z

g
= ¢B.(yz —ay) +

-

1
= 4By — &)+~ (yd — )

centripetal force

m d’x dy qdB,

T T AP Ty T Y
d? dr qdB,
~ 2 4 4B, — + 2

R IR T TR

(y& — xy)

@),
Oz (0.0)

NNNNNNNNNNNNNNNNNNNNNNNN
SCIENCE AND TECHNOLOGY

dB.
dt

Introducing (normalized) Larmor frequency and applying paraxial approximation:

We Q'BO daL
Wwr = — = = ——
L= 7 9ymy 4@5
Different sign convention from the FOBP
Rotation is CW for g > 0
d*x o) dy  dwr, _ 0
di? Lat T at YT
d?y dr  dwr,
— 4w — + ——x = 0
T I T

Oy = fr = 2L
L L vy 2pz
d*x dy  dkg,
el § At A o
dz? Lz dz y
d?y dr  dkyp,
CJ Lo 20 TV
dz? +2kL dz + dz .

Moses Chung | Lecture 1 Single Particle Motion
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[Note] Larmor frame

* Introducing Larmor frame (the frame that rotates about z-axis with normalized Larmor
frequency), in which the transverse orbits in the rotating frame are related to the orbits in
the laboratory frame by

.

I

rr \ cosfl; sinfy T I

yr, )\ —sinf; cosfp Y | n
I
I

« By direct substitutions, one can show that

d?x dy dey _ 0
drar e > gt wlen =0, ji+wiy, =0
d d-y dr  dwry,
dt2 —I—QOJLE—I—W.T = 0
Uncoupled simple harmonic

oscillators in the Larmor frame
P, dy _dkr
dz2 Lz dz 2 0. 4 1+ K2y =0
dy o ode dkp > op ke =0, yp+hkpy. =
dz2 Lo T az T
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[ Exam P | e] Larmor frame I

» Patrticle orbits become considerably simpler by introducing Larmor frame:

| | ® we  qBy _ dfy,
: . Yeyclotron wp = — = =

2 2vmyg

In lab frame

This is the case with some
initial velocities in entering the
solenoid

In Lamor frame
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[Example] Larmor frame
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SCIENCE AND TECHNOLOGY

If the particle begins its trajectory offset in x (x = x;), but not in y, and with no transverse

momentum before the magnetic field region:

-1‘,

\ Initial position

Particle
trajectory

Moses Chung | Lecture 1 Single Particle Motion

do.
dt

I

yr

0. =20
doy,

T
= 2x — 7,
2cosL

= xgcos(wrt)
= 0

- They are solutions of the following
simple harmonic oscillators:

Fr+wizp =0, §r+wiyr =0
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[Example] Particle motion through solenoids "
2
T, =L 1= i
We U,
Focusing in one or more Larmor rotation in ~” A o ' T
a uniform long solenoid (as in an image ( I 7 1
intensifier, i.e., one-to-one mapping). L s ¢

The trapping of particles along field lines. == i T
ol ke —>1

¥ 1

Focusing from point to point by a thin (’C:;‘ . T
solenoid. ol - \ : — 1

S — R 1e
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1.4 Motion in a uniform electric field

For uniform electric field E = EyZ, with B = 0:

— — O
dt

dt L)
Eyz = — 9, Z

In terms of the potential energy, the Hamiltonian (total canonical energy) is given by

_q 0

H = ymoc® + qde = ymoc® — qEoz

Because the Hamiltonian is independent of time, it is a constant of motion: dH _OH _ 0
dt Ot
const. = H|.—o = 7(0)moc? = v(2)moc® — qFoz

Hi.—o qky
1) = 4

moc?

Linear increase in mechanical energy U = ymyc? = T + myc? (see page 18 of FOBP):

d d
U? = p?c? 4 (mopc?)? — dU = vdp — d_]; =qE, = d_U
2

Accelerating gradient [MeV/m]
= Change in momentum per unit time
= Spatial energy gradient
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1.4 Motion in a uniform electric field (cont’d) ==

Other relevant dynamical variables can be derived from knowledge of y(z):

p(2) = Bymoc = v/ (72(z) — 1) x mgc

We can also explore acceleration from the point of view of explicit time dependence:

b _

— —3/2@ — 3 ,3@
dt

32
ﬁ(l 6) dt - dt

dp.. d(B.7) o 37 dB: 3 g
— — ~ —= =gk
o= moc— m06[7+5<} o= mec—= = qEy
B, ~p5
dvz Q’EO
dt  ~v3mg

\ Longitudinal mass
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[Note] Edge effects

For the case of entry into a uniform electric field with azimuthal symmetry:

10FE
V.E=2 o= %A
€0 /
\__y___/
Near the axis: Open beam pipe %“‘*ﬁ—ﬁf‘/

P oL,
Ep = 2(82 )pIO

Inward force (focusing momentum kick) when entering:

7
N 7

Focusing Defocusing

to z9 2 E
A}u:q/ Epdtzﬂf JoO PR (5 ) dz =~ 2 |, (z5) — Eer)) = -2,
t v/, 2v 0z ) ,—g 2v / 20
Kick is —p direction for gk, > 0
Outward force (defocusing momentum kick) when exiting:

No exact cancellation between focusing and defocusing momentum kicks:

— Fields vary in time as the particles cross the gap. For longitudinal stability, the field is rising when
the reference(synchronous) particle is injected. A field in the second half that is higher than the field
in the first half, resulting in a net defocusing force: RF-defocusing force (important for ion linacs).

— The particle velocity increases and radial position changes, while the particle crosses the gap:
more important in electron linacs.
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1.5 Motion in quadrupole fields

Sometimes (-) sign is omitted for simplicity

/

V-B=0, VxB=0 — B=-V¢, V=0

» Field free (J = 0) vacuum region (u = uy):

* In the limit of a device long compared to its transverse dimensions:
2y v = 20 (00 L0
VRV = \Pap) T ras =0

« The solution of the above equation are of a form that is well behaved on axis (by
separation of variables):

Y = Z anp" cos(ng) + b, p" sin(ne)

n=1

- Be careful ! Index convention (n from 1 vs. n from 0) differs in US and Europe, and by authors
and textbooks
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1.5 Motion in quadrupole fields (cont’d)

« Forn=1:
Y1 = aipcos(p) + bipsin(p) = a1z + bry

——>  Equipotential surfaces form lines

L0 ) )
B1 :—V’tplz—(ﬂf——l—y )Ibl :—alx—bly

/

Dipol
Skew dipole pole

« Forn=2:
Yy = asp® cos(2¢) + bap? sin(2¢) = as(x? — y?) + 2bszy

——>  Equipotential surfaces form hyperbolae

L0 .0 . . . .
By = —Vipy = — ($8_:z: + ya_y) Yo = 2as(—zd +yy) — 2b2(yZ + x7)

/ N\

uadrupole
Skew quadrupole Q P

Dipole and Skew dipole Quadrupole and Skew quadrupole
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1.5 Motion in quadrupole fields (cont’d)

Force due to quadrupole fields:
‘/ Please check whether the sign is correct in Eq. (2.44) of FOBP

F| = qu.zZ x By = —2qu,bs(yy — x)
Meaning of the coefficient b,: Measure of field gradient

0B,
oy

= —2 =B’
(0,0) ox

(0,0)

—2by =

Transverse equations of motion for a momentum p,, assuming paraxial motion near the z-
axis:
" F:c _ +2qub2$ _ *QBJLE

77?10?)8 WTLOU(Q) Po
F, —2qu.b B’

yu _ y = qu, 22’.9 _ +q y
YMovgy YMovg Po

In standard oscillator form:
" +rir =0, 3 —rKiy=0

Here, the square wave number is sometimes known as the focusing strength:

qB"
Po

K

2
Ko
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1.5 Motion in quadrupole fields (cont’'d) =%

For «,2 > 0, one has simple harmonic oscillation in x (around x=0), and the motion iny is
hyperbolic.

/

x = xgcos[ko(z — 20)] + 2—0 sin (ko (2 — 20)] with x(z9) = xo, 2'(20) = x
0
!

y = yo cosh [ko(z — 20)] + i—o sinh [ko(z — 20)] with y(z0) = yo, ¥'(20) =y
0

For k,2 < 0, the motion is simple harmonic(oscillatory) in y, and hyperbolic(unbounded) in x.

Focusing with quadrupoles alone can only be accomplished in one transverse direction at a
time. Ways of circumventing this apparent limitation in achieving transverse stability, by use
of alternating gradient focusing.

y
y ?_5: E
F
N S B, N S X L o L
— L -
S N S N P i
horizontal vertical
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[Example]

* Field varies linearly

The in and out conductors should be placed close to
each other so that longitudinal fields are minimized.

+ Current In

B, = B’y, B, = B'x (B’ <0 for this Fig.) A standard technlql_Je for_lnsulatlng_ ma_gnet coilsis to
use epoxy resin, reinforced with fiberglass.

B = B’ (y& + zj)

A= —%B’ (® —y?) 2
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[Note] Electric quadrupole

ULSAN NATIONAL INSTITUTE OF
SCIENCE AND TECHNOLOGY

The commonly encountered level of 1 T static magnetic field is equivalent to a 299.8 MV/m

static electric field in force for a relativistic (v = ¢) charged particle.

This electric field exceeds typical breakdown limits on metallic surfaces by nearly two
orders of magnitude, giving partial explanation to the predominance of magnetostatic
devices over electrostatic devices for manipulation of charged particle beams.

Therefore, the transverse electric field quadrupole is found mainly in very low energy
applications.

Hyperbolic surfaces rotated by 45 degrees
from magnetic case

Alternating in time
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Alternating in space

Alternating in time + longitudinal modulation
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