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ABSTRACT

The earlier study of [Jeon et al., Phys. Rev. Spec. Top.–Accel. Beams 12, 054204 (2009)] discovered 4r ¼ 360� fourth-order particle reso-
nance in linear accelerators (linacs) for any non-KV distributions (such as Gaussian and waterbag) and found that this particle reso-
nance was predominantly manifested over the envelope instability. Several experiments have since been performed and demonstrated
that fourth-order resonance indeed occurred for r < 90�. Nonetheless, the lower bound of the particle resonance stop band and detailed
parametric studies (e.g., scanning with various beam currents and zero-current phase advances r0) on the emittance growth from the
fourth-order resonance have been somewhat limited. This paper presents analytical and numerical investigations to observe the fourth-
order resonance under several focusing field types (e.g., solenoid and quadrupole) with a wide range of parameters. From these studies,
the general stop band for the 4r ¼ 360� fourth-order particle resonance is established to be r0 > 90� and r < 90�. Self-consistent multi-
particle simulations using TraceWin and PARMILA codes are performed with initially well-matched Gaussian beams to observe the
emittance growth originating from the fourth-order particle resonance. It is found that the emittance growth rate varies depending on r0

and tune depression (or equivalently beam current). It transpires that the region in which the envelope instability develops is consistent
with the envelope instability stop band. The fourth-order particle resonance stop band is wider than the envelope instability stop band,
and the envelope instability is induced following fourth-order particle resonance only within the envelope instability stop band in the
tune-depression space.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0004651

I. INTRODUCTION

Transport of intense beams over a long distance can be restricted
by space-charge fields, which force the trajectories of charged particles
to deviate from the beam core.1,2 Charged-particle beam dynamics on
halo formations has been developed by studies of the particle-core
model in both 2D and 3D3–7 and the envelope instability (or paramet-
ric resonance) originated from the initial mismatch of the
Kapchinskij–Vladmirskij (KV) beam.8–12 These studies generally deal
with the linear space-charge terms and linearized perturbations of the
envelope oscillations.

For realistic beams with a Gaussian profile, the non-linear space
charge13,14 is a more important issue regarding the excitation of
higher-order resonances, particularly for high-intensity linear accelera-
tors (linacs) such as UNILAC in GSI (Universal Linear Accelerator,
Germany),15 SNS (Spallation Neutron Source, USA),16 IFMIF
(International Fusion Materials Irradiation Facility, EU–Japan),17

FRIB (Facility for Rare Isotope Beams, USA),18 and RAON (Rare

isotope Accelerator complex for ON-line experiments, Republic of
Korea).19

The non-linear space-charge-driven mechanisms are simply
referred to as “single-particle resonance” or “incoherent resonance.”
Recently, 4r ¼ 360� fourth-order particle resonance in high-intensity
linacs was discovered in Ref. 20 and experimentally verified in Refs. 21
and 22, which found that the fourth-order particle resonance was
observed only for r < 90�.

Studies to clarify the difference between space-charge-driven
particle resonances and mode parametric resonances have been
reported by D. Jeon (Refs. 23–25). From these papers, it has been
found that the 4r ¼ 360� fourth-order particle resonance is mani-
fested predominantly over the envelope instability when r is kept
constant along the linac. With regard to the lower bound of the par-
ticle resonance stop band, it was observed from Fig. 6 in Ref. 21
that the emittance growth was induced only for r0 > 90� when the
beam current was 7.1mA.
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A new question is raised over whether the condition of r0 > 90�

and r < 90� would be the general condition of the fourth-order reso-
nance stop band. In this paper, analytical and numerical calculations
are performed to answer this question with a wide range of parameters
for zero-current phase advance r0 and depressed phase advance per
cell r.

In Sec. II, the analytical interpretations are explained. Using the
envelope equations of the matched beam and the equations of motion
of a single charged particle with Gaussian space-charge field, a
Poincar�e-section plot of test particles in solenoid focusing channel is
made in the context of the particle-core model. Test particles in
fourth-order resonance have tune 0.25 (or equivalently, 90� phase
advance), which is associated with the non-linear higher-order terms
of the space-charge field.24 Based on this concept, we counted the total
number of particles that have 0.25 tune among the whole number of
particles initially loaded from the MATHEMATICA simulation tool.
This analytical interpretation leads to finding the lower and upper
bounds of the stop band of fourth-order particle resonance.

In Sec. III, multi-particle simulations using TraceWin, and Phase
and Radial Motion in Ion Linear Accelerators (PARMILA) codes are
performed to observe the fourth-order particle resonance with initially
well-matched Gaussian beams when the lattice r0 is kept constant. It
is found that the envelope instability is not always excited after the
fourth-order resonance is manifested, despite r0 being greater than
90�. The fourth-order particle resonance stop band is wider than the
envelope instability stop band. Finally, we demonstrate that the stop
band of the emittance growth accompanied by the envelope instability
in particle-in-cell (PIC) simulation is consistent with the stop band of
the envelope instability as a function of the tune depression (or beam
current) in both solenoid and quadrupole focusing channels.

II. ANALYTICAL APPROACH TO 4r ¼ 360�

FOURTH-ORDER PARTICLE RESONANCE
A. Equations of the charged particle beam

In the study of 2D charged particle beam dynamics, a Poincar�e-
section plot is often useful to observe structures of single particle
motions in the context of the particle-core model.3–5 In the particle-

core model, the evolutions of the x- and y-direction envelopes of the
KV equivalent beam, a(s) and b(s), are described by1,2

d2aðsÞ
ds2

þ jxðsÞaðsÞ �
2K

aðsÞ þ bðsÞ �
e2

a3ðsÞ ¼ 0;

d2bðsÞ
ds2

þ jyðsÞbðsÞ �
2K

aðsÞ þ bðsÞ �
e2

b3ðsÞ ¼ 0:
(1)

Here, jxðsÞ and jyðsÞ are the transverse focusing functions, e ¼ ex
¼ ey is the transverse rms edge emittance, which is assumed to be con-
stant along the propagation and K ¼ 2qk=c3bb

2
bmc

2 (in CGS units)
stands for the space-charge perveance with line charge density k. In this
study, the focusing forces are set to yield a certain value of the lattice
zero-current phase advance r0 and repeat periodically for over 200 lattice
periods along the linac. Three different focusing elements are considered
and the corresponding matched beam envelopes are shown in Fig. 1. For
the solenoid focusing channel, the envelope in the radial direction is
assumed symmetrical, which is denoted by rbðsÞ ¼ aðsÞ ¼ bðsÞ.

The charged particles are confined radially by the external focus-
ing fields and de-focused by the beam space charge. The space-charge
field has only linear terms in uniform density beams and reduces the
overall linear focusing force. Hence, the phase advance is depressed as
the rms beam radius increases. When we consider the realistic beams
of Gaussian distribution,

qðx; yÞ ¼ k
2prxry

exp � x2

2r2
x
� y2

2r2
y

" #
;

the space-charge fields have non-linear terms that trigger higher-order
effects such as fourth- and sixth-order resonances.20 The non-linear
space-charge force calculated by Poisson’s equation of the Gaussian
charge density profile q is given by13

Fsc;x � iFsc;y ¼
i
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

jr2
x � r2

y j

s
� e�

�
ð x
rx
Þ2þð y

ry
Þ2
�
=2w

�xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jr2

x � r2
y j

q0@
1
A

2
4

�w �zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jr2

x � r2
y j

q0@
1
A
3
5: (2)

FIG. 1. Periodic external focusing elements and the corresponding matched beam envelopes. (a) Solenoid, (b) quadrupole FODO, and (c) FFDD. Here, g is the filling factor
and S is the length of one period of the lattice.
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Here, rxðsÞ � aðsÞ=2 and ryðsÞ � bðsÞ=2 are transverse rms beam
sizes, �x � ry

rx
x � i rx

ry
y; �z � x � iy, and w(z) is the complex error

function. The equations of motion of a single particle with the space
charge of Eq. (2) are written as

x00ðsÞ þ jxðsÞxðsÞ � KFsc;xðsÞ ¼ 0;

y00ðsÞ þ jyðsÞyðsÞ � KFsc;yðsÞ ¼ 0: (3)

For the solenoid focusing channel, the space-charge force for an axi-
symmetric beam can be simplified as

Fsc ¼
1� e�X

2=r2
r

X
; (4)

where rrðsÞ ¼ rbðsÞ=
ffiffiffi
2
p

is the rms beam radius and X is the radial
coordinate of the particle motion. The equation of motion of a single
particle with the space charge of Eq. (4) with no initial canonical angu-
lar momentum is

X00ðsÞ þ jðsÞXðsÞ � KFscðsÞ ¼ 0; (5)

where jðsÞ � jxðsÞ ¼ jyðsÞ.

B. Stop band of 4r ¼ 360� fourth-order resonance

In this section, we introduce the concept of Gaussian phase
advance as rG � r0 þ DrLaslett, where DrLaslett is the tune shift of the
particle at the center of the Gaussian beam. For the axisymmetric
beam (rr ¼

ffiffiffi
2
p

rx ¼
ffiffiffi
2
p

ry) in the solenoid focusing channel, we
have

DrLaslett ’ �
K
4p

ðS
0

S=r0

r2
r ðsÞ

ds: (6)

Using Eqs. (4) and (5), we perform the particle-core model analy-
sis with periodic solenoid external focusing fields shown in Fig. 1(a).
The individual particles are plotted on the transverse phase plane at
the end of each period ðS; 2S;…Þ. In this analytical model, the trans-
verse emittance � is assumed to be constant along the periods because
the self-consistent interactions between particles are not implemented.

Figure 2 shows the Poincar�e-section plot under the periodic sole-
noid focusing channel of r0 ¼ 98� and rG ¼ 55�. The radial motions
of the test particles are symmetric and normalized by the matched ini-
tial rms beam size rr. Outside the stable orbits around the center, the
particles are merged and trapped in the four-island separate regions
on the phase plane. The elliptical trajectories around the four fixed
points on the plane indicate the fourth-order particle resonance
motions, which are generated from interactions between the matched
envelope (core) and the individual particles of tune 0.25
(¼ 90�=360�). The minimum tune depression ratio (rG=r0) is located
at the center, and the tune increases monotonically for the Gaussian
beam as the initial position of the particle is loaded further away from
the center.24 In other words, for rG > 90�, there is no fourth-order
particle resonance because no particles come across the 90� phase
advance.

Figure 3 gives an insight into the conditions of 4r ¼ 360�

fourth-order particle resonance. According to the fixed r0 and beam
current, the tune depressions of all individual particles are calculated
by the Fourier transformation method. The fourth-order resonance
weight denotes the number of particles that have tune 0.25 among 500

test particles. As the beam current increases, rG of the beam becomes
further smaller than r0. This means that fewer particles have a chance
to meet the 90� phase advance condition. Figures 3(a) and 3(b) show
the results of the counted weights for r0 ¼ 89� and r0 ¼ 90�, respec-
tively. We found that the resonance weight is always 0 independent of
the beam current when r0 � 90�. This tells us that 4r ¼ 360� fourth-
order particle resonance is not excited when r0 � 90�. The results are
the same with the other focusing channels. In contrast, for r0 ¼ 92�,
the resonance weights are highly counted and become 0 only when rG

is larger than 90�. If the initial positions of the test particles are loaded
on a wider range, the counted weights increase for r0 > 90� and
rG < 90�. The number of particles of tune 0.25 increases as the beam
current decreases under the solenoid channel.

In conclusion, the stop band of 4r ¼ 360� fourth-order particle
resonance is obtained as r0 > 90� and rG < 90� from the analytical
interpretation.

III. PIC SIMULATION RESULTS

As can be observed in Fig. 4 (Fig. 6 of Ref. 21), below zero current
phase advance of 90�, no sign of emittance growth is observed. The
emittance growth was induced only for r0 > 90� when the beam cur-
rent was 7.1mA and the results are consistent with different kinds of
simulation codes.

To generalize the lower bound of the stop band, the emittance
growth was studied in Fig. 5 as a function of the lattice r0 value varied
from 88� to 96�, whereas the beam current was varied from 10 to
50mA. Numerical simulations were performed with initially well-
matched Gaussian beams with 150,000 macro-particles using
PARMILA code with a 3D PIC space-charge routine. Arþ1040 beams of
10–50mA with initial normalized rms emittance bcerms ¼ bcðe=4Þ
¼ 0:115 (mm mrad) were used for simulations. The beam had an
initial energy of 5MeV/u (b ¼ 0:1032). To exclude the effect due to

FIG. 2. 2D Poincar�e-section plot of test particles in the Gaussian beam with a
matched beam envelope. The test particles are plotted at the end of each period
ðS; 2S;…Þ along the solenoid focusing channel. The lattice parameters are
r0 ¼ 98� and rG ¼ 55�. The four separate islands around four fixed points repre-
sent the trapped particle trajectories from the 4r ¼ 360� fourth-order particle
resonance.
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beam acceleration, the linac lattice was in focusing mode without
acceleration. Plots in Fig. 5 show that the emittance growth from the
fourth-order resonance takes place above 90� independent of the
beam current ranging from 10mA to 50mA.

A. Emittance growth rate from 4r ¼ 360� fourth-order
resonance

It is already established that 4r ¼ 360� fourth-order particle res-
onance is predominantly shown over the envelope instability when r
is kept constant along the linac.23 When fourth-order resonance is
manifested, the resonant particles trapped around the four fixed points
oscillate and merge together, incurring beam emittance growth. If the
emittance grows sufficiently to generate a mismatched beam, it rapidly
excites the envelope instability.

However, the question remains that within the stop band,
does the emittance growth always excite the envelope instability

after fourth-order resonance is manifested? The answer is no. It is
clear that the fourth-order particle resonance stop band in the
tune-depression space is wider than the envelope instability stop
band. From the PIC simulations, we found that the envelope insta-
bility is excited following fourth-order resonance only when the
tune depression is within the instability band predicted by the
Poisson–Vlasov model.11

Hereon, numerical analysis is performed using another PIC
simulation code, TraceWin. Here, proton beams with initial
parameters b ¼ v=c ¼ 0:1 and normalized rms emittance bcerms

¼ bcðe=4Þ ¼ 0:12 (mm mrad) are used. The longitudinal rms
emittance and phase advance are assumed very small in order not
to consider the coupling between transverse and longitudinal
directions. In the realistic systems, as long as the beam parameter
in both directions are not within the regime of emittance coupling,

FIG. 4. Mean of horizontal and vertical rms emittance as a function of the trans-
verse zero current phase advance along the DTL. Reproduced with permission
from Groening et al., Phys. Rev. Lett. 102, 234801 (2009).21 Copyright 2009
American Physical Society.

FIG. 5. Emittance growth ratio vs lattice r0 values ranging from 88� to 96� using
PARMILA code. Plots show that the emittance growth takes place above 90� inde-
pendent of the beam current ranging from 10mA to 50 mA. The linac lattice type is
FFDD.

FIG. 3. Calculation of the fourth-order resonance weight as a function of beam current in the solenoid focusing channel. The resonance weight denotes the number of particles
that have tune 0.25 among 500 individual test particles. Plots (a) r0 ¼ 89� and (b) r0 ¼ 90� show that the resonance weight is always 0 independent of the beam current,
which means that there is no fourth order particle resonance effect for r0 � 90�. In contrast, plot (c) r0 ¼ 92� shows a highly counted number of particles of tune 0.25, which
means that there are fourth order particle resonance effects for r0 > 90�. The weight becomes 0 when rG is larger than 90�.
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the particle resonance phenomena are not much affected by the
finite-length of the beam.

The numerical studies obtained will support the conclusion of
the analytical approach on the fourth-order particle resonance stop
band. Furthermore, we will discuss the stop band on which the enve-
lope instability is induced from the emittance growth as a function of
r0 and r. In the TraceWin code, r is the depressed phase advance per
cell, calculated by r �

Ð S
0

1
bðsÞ ds, where bðsÞ ¼ hx2i=erms and

ffiffiffiffiffiffiffiffi
hx2i

p
is

rms beam size. Hence, r hereafter represents the phase advance of a

whole beam distribution, not of a single particle. We also note that
rG < r < r0.

Figures 6–8 show the change of emittance growth, phase
advance, and mismatch factor with cross sections of particle distribu-
tions for initially well-matched Gaussian beams over 200 periodic sole-
noid lattices in PIC simulation. Here, the mismatch factor is defined

by M ¼ ½1þ Dþ
ffiffiffiffiffiffiffiffiffiffiffiffi
DðDþ4Þ
p

2 �1=2 � 1, where D ¼ ðDaÞ2 � DbDc, and
Da; Db, and Dc are the differences of Twiss parameters from the
matched beam.26 The lattice r0 is kept constant along the linac.

FIG. 6. Plots of normalized rms emittance
growth, phase advance and mismatch fac-
tor with cross section of initially well-
matched Gaussian beams propagating
along 200 periodic solenoid lattices in PIC
simulation. r0 is kept constant along the
linac for the initial parameters of r0 ¼ 89�

and r ¼ 74� . This case does not excite
fourth-order particle resonance, and there
is no emittance growth.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 27, 063105 (2020); doi: 10.1063/5.0004651 27, 063105-5

Published under license by AIP Publishing

https://scitation.org/journal/php


In the case of r0 ¼ 89�, as shown in Fig. 6, the fourfold structure
from fourth-order particle resonance is not shown and the beam stays
stable because the zero-current phase advance is lower than 90�, which is
out of range of the particle resonance and envelope instability stop band.

Figure 7 is for r0 ¼ 100� and r ¼ 72�. The emittance growth is
prominently shown when the extent of the fourfold structure shrinks
as r approaches 90�. Along the emittance growth, the envelope insta-
bility is excited from the mismatch generated by fourth-order reso-
nance. The mismatch factor increases over 0.1 reaching the maximum
0.43, which is enough to generate the envelope instability. Around cell
20, the particles draw a fourfold structure and are merged together,

inducing envelope mismatch after cell 50 with an emittance growth
rate of 2.27.

Plots for the higher current of r ¼ 68� are shown in Fig. 8. In
contrast to the results of Fig. 7, the beam has a slightly squared shape
on the phase plane and fourth-order resonance persists over long peri-
ods. The emittance growth rate is 1.03, which is very small compared
to that in Fig. 7. In this case, the resonant particles do not have much
effect on the mismatch to excite the envelope instability as the beam
propagates.

Detailed estimations of the emittance growth rates and the maxi-
mum mismatch factors from 4r ¼ 360� fourth-order particle

FIG. 7. Same plots with Fig. 6 for the ini-
tial parameters of r0 ¼ 100� and
r ¼ 72�. This case shows a fourfold
structure, and the extent of the structure
fades as r approaches 90�. The mis-
match generated from the resonant par-
ticles grows over a factor 0.1–0.43, and
eventually excites the envelope instability
accompanied by emittance growth. The
mismatch factor becomes lower again as
the beam propagates further with
increased beam size and emittance.
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resonance for r0 ¼ 94� and r0 ¼ 100� are plotted in Figs. 9(a) and
9(b), respectively. If fourth-order particle resonance is not manifested,
the beams are stable and there is no emittance growth (growth rate
¼ 1). When the growth rate is much greater than 1, the fourfold struc-
ture from the fourth-order resonance is prominent and the envelope
instability is excited along the linac as discussed in Fig. 7. The regions
in which the envelope instability is finally induced following fourth-
order particle resonance are represented by the pink lines in Fig. 9.

Figure 9(a) contains no pink region, which means that the
fourth-order resonance persists along the linac in all ranges of tune

depression within the stop band. As seen from the beam distributions
in phase space, the fourfold structures remain at over 200 cells. It is
because the resonance particles have not enough effects on beam mis-
matches to excite the envelope instability, indicated by low values of
maximummismatch factors.

In Fig. 9(b) with r0 ¼ 100�, the stop band in the tune-depression
space represented by pink lines is 0:7 < r

r0
< 0:82. Outside the stop

band, the beam does not reach the envelope instability even though it
is within the stop band of 4r ¼ 360� fourth-order particle resonance.
This is because the emittance growth rate outside the pink region is

FIG. 8. Same plots with Fig. 7 for the ini-
tial parameters of r0 ¼ 100� and
r ¼ 68�. For the higher beam current,
there is smaller emittance growth. In this
case, the envelope instability is not
incurred because the mismatch factor
does not increase enough to excite the
instability, but fourth-order resonance per-
sists along the propagation.
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too small to lead to unstable envelope mismatches. The maximum
mismatch factors give more clear evidence that beam mismatches
induced from fourth-order particle resonance become large and gener-
ate the envelope instability. The blue and red arrows indicate the con-
ditions of Figs. 7 and 8, respectively. The blue arrow indicates the
maximum emittance growth rate of 2.27 within the pink region. We
can observe the fourfold structure at cell 20 and the unstable perturbed
structure at cell 200. At the red point, the emittance growth rate is
1.03, which is too small to excite the envelope instability.

Figure 10 shows the emittance growth rates for different values of
r0 as a function of tune depression ( r

r0
) in the solenoid channel. As

supported by the particle-core model, the resonance effect comes into
play for any r0 > 90�. For PIC simulations, the emittance growth is
not that pronounced in 90� < r0 < 92�. From 94�, emittance growth
becomes more visible. As r0 is greater, the tune-depression range for
the higher emittance growth rate is wider and the maximum growth
rate increases.

Similarly, Fig. 11 shows the emittance growth rates for different
values of r0 in the FODO channel. Consistently with the established
stop band of fourth-order particle resonance, the emittance growth
takes place only for r0 > 90�. The growth rate is much larger than
that of solenoid fields, and a prominent growth rate is observed for
r0 � 92�.

B. Stop band of the envelope instability

From Figs. 10 and 11, we discovered that the emittance growth
depends on r0 and the tune depression of the beam. This is reminis-
cent of the stop band of the envelope instability in the KV beam. The
linearized perturbed oscillations of Breathing (B) and Quadrupole (Q)
modes can lead to instability (mode parametric resonances), which is
represented by the “growth factor” as a function of tune depression.10

For the B (Q) mode, perturbations in the beam envelopes a and b are
in phase (out of phase). There are two parametric resonances in the

FIG. 9. Emittance growth rates and maximum mismatch factors with beam structures of fourth-order particle resonance as a function of tune depression r
r0
. In the region repre-

sented by the pink lines, the envelope instability is induced after the beam propagates further following fourth-order resonance. (a) r0 ¼ 94� does not contain a pink region.
The fourth-order resonance persists over 200 cells in all ranges of tune depression within the stop band. The corresponding maximum mismatch factors are lower than 0.1,
which means that the envelope instability cannot be excited from the mismatches. In (b) r0 ¼ 100�, the blue arrow indicates the condition of Fig. 7. It has the maximum emit-
tance growth rate of 2.27 and mismatch factor¼ 0.43 of which tune depression is included in the pink region. The fourfold structure at cell 20 begins to shrink and generates
unstable perturbation, as shown in cell 200. The red arrow indicates the condition of Fig. 8, which is not included in the pink region. The emittance growth rate and correspond-
ing mismatch factor are too small to excite the envelope instability.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 27, 063105 (2020); doi: 10.1063/5.0004651 27, 063105-8

Published under license by AIP Publishing

https://scitation.org/journal/php


envelope instability, “lattice resonance,” and “confluent resonance.”2,10

In the case of the solenoid channel for the round beams, only lattice
resonance is observed because one of the B and Q modes excites struc-
tural resonance with the core. In contrast, the confluent resonance
only occurs in the quadrupole channel because both B and Q modes
contribute simultaneously.

In Ref. 11, the envelope instability of the solenoid and FODO lat-
tices is compared to the results of emittance growth from PIC simula-
tion with KV beams. It demonstrates that the emittance grows as the
tune depression approaches the stop band of the mode parametric
resonances.

In contrast with those studies, we introduced the beam emittance
growth originating from the 4r ¼ 360� fourth-order particle reso-
nance of the initially well-matched Gaussian beams. In this section, we
examine the relationship between the emittance growth rate followed
by the envelope instability and the stop band of the mode parametric
resonances.

Figure 12 shows the comparison between the emittance growth
rate from PIC simulation and the stop band of the lattice resonances
in the solenoid focusing channel. In the lower plots (growth factor vs
tune depression) of Fig. 12, the regions in the tune-depression space in
which the growth factor is not 1 represent the stop band of the enve-
lope instability. The range of the stop band depends on r0.

In the upper plots (emittance growth rate vs tune depression) of
Fig. 12, both particle resonance and parametric resonance are included
in PIC simulation. After fourth-order particle resonance is manifested
in the initially well-matched Gaussian beams, the resonant particles
incur emittance growth. If the initial parameters are designed to be
close to the boundary of the envelope instability stop band, the reso-
nant particles form unstable mismatched beams which results in exci-
tation of the envelope instability along the propagation.

As discussed in Sec. IIIA, the pink regions indicate the range in
the tune-depression space in which the envelope instability is induced
following 4r ¼ 360� fourth-order particle resonance. For r0 � 90�,
there is neither parametric resonance nor fourth-order particle reso-
nance [see Figs. 6 and 12(a)]. In addition, it appears that the pink
regions are not observed for r0 ¼ 92� and r0 ¼ 94� despite the insta-
bility modes existing, as shown in Figs. 12(b) and 12(c).

In contrast, in Figs. 12(d)–12(f), the pink regions are observed
only within and near the stop band of the B-mode instabilities. For the
Q modes of Gaussian beams in PIC simulation, the envelope instabil-
ity is not developed after fourth-order resonance independent of r0.

In Fig. 12(f), the blue and red arrows indicate the simulation con-
ditions for Figs. 7 and 8, respectively. Because the red arrow is far from
the boundary of the envelope instability stop band, the beam is not
developed into the unstable mismatched beam. In contrast, at the con-
dition indicated by the blue arrow, maximum emittance growth
occurs, because the initial condition of tune depression is near the
boundary of the B-mode lattice resonance stop band. In fact, the beam
phase advance (r) gradually increases as the beam emittance increases.
The tune depression of the beam then increases above the initial value
and finally enters the instability region.

We now investigate whether these instability mechanisms are
also applicable for the quadrupole focusing channel. Figure 13 shows
the comparison between the emittance growth rate from PIC simula-
tion and the stop band of the confluent resonances in the quadrupole
(FODO) focusing channel.

As expected, in Figs. 13(a) and 13(b) with r0 � 90�, there is nei-
ther parametric resonance nor fourth-order particle resonance. For
r0 ¼ 92� in Fig. 13(c), there is no pink region despite the presence of
mode parametric resonance. The fourth-order resonance persists over
200 cells in all ranges of tune depression within the stop band. In con-
trast, in Figs. 13(d)–13(f), the pink regions are observed only within
and near the stop band of the envelope instability (BþQ represents
the confluent resonances).

In the upper plots of Fig. 13(f), within the pink region, the beam
draws a fourfold structure at cell 16 and reaches the envelope instabil-
ity after cell 50.

FIG. 11. Emittance growth rates for different values of r0 as a function of tune
depression ( r

r0
) in the FODO lattice. There is no emittance growth for r0 � 90�.

The prominent emittance growth is shown for r0 � 92�. As r0 increases, the stop
band range in the tune-depression space and the maximum value of the growth
rate increase.

FIG. 10. Emittance growth rates for different values of r0 as a function of tune
depression ( r

r0
) in the solenoid channel. There is no emittance growth for

r0 � 90�. The prominent emittance growth is shown for r0 � 94�. As r0

increases, the stop band range in tune-depression space and the maximum value
of the growth rate increase.
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The emittance growth rate for the FODO channel is higher
along the linac than that of the solenoid channel. The confluent
resonance between the B and Q modes makes the beam less stable,
leading to a larger emittance growth after the beam mismatches

begin from fourth-order particle resonance in the quadrupole
channel.

To summarize this section, Figs. 12 and 13 show the consistency
between the emittance growth rate followed by the envelope instability

FIG. 12. Emittance growth rates and the envelope instability stop bands with different r0 as a function of tune depression ( r
r0
) in the solenoid focusing channel. In the lower

plots (growth factor vs tune depression), when the growth factor is not 1, envelope instability occurs. In this case, only the lattice resonance is included for the solenoid channel.
In the upper plots (emittance growth rate vs tune depression), both particle and parametric resonances are included from the PIC simulations. In the pink regions of the tune-
depression space, the envelope instability is induced following fourth-order particle resonance. (a) For r0 ¼ 89�, there is neither parametric resonance nor fourth-order particle
resonance. In (b) r0 ¼ 92� and (c) r0 ¼ 94�, there is no pink region despite the instability modes existing in the below growth factor figures. (d) r0 ¼ 96� , (e) r0 ¼ 98�,
and (f) r0 ¼ 100� contain pink regions only within and near the stop band of the B mode instabilities. The envelope instability is not developed for the Q modes of Gaussian
beams. In (f), the blue and red arrows indicate the conditions of Figs. 7 and 8, respectively.
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from PIC simulation and the stop band of the mode parametric reso-
nances in the solenoid and quadrupole (FODO) focusing channels. In
the 4r ¼ 360� fourth-order particle resonance stop band, r0 > 90�

and r < 90�, the emittance growth originates from the resonant

particles around the fixed points in phase space. As the emittance
grows along the beam propagation, the envelope instability can be
excited from beam mismatches. The range in which the envelope
instability is induced following fourth-order particle resonance shows

FIG. 13. Emittance growth rates and the envelope instability stop bands with different r0 as a function of tune depression ( r
r0
) in the quadrupole (FODO) focusing channel. In

the lower plots (growth factor vs tune depression), when the growth factor is not 1, envelope instability occurs. In this case, only confluent resonances are excited for the enve-
lope instability. In the upper plots (emittance growth rate vs tune depression), both particle and parametric resonances are included from PIC simulations. In the pink regions of
the tune-depression space, the envelope instability is induced following fourth-order particle resonance. For (a) r0 ¼ 89� and (b) r0 ¼ 90�, there is neither parametric reso-
nance nor fourth-order particle resonance. In (c) r0 ¼ 92�, there is no pink region despite the mode parametric resonance existing in the below growth factor figures. The
fourth-order resonance persists over 200 cells in all ranges of tune depression within the stop band. (d) r0 ¼ 96�, (e) r0 ¼ 98�, and (f) r0 ¼ 100� contain pink regions only
within and near the stop band of the envelope instability (BþQ represents the confluent resonances).
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consistency with the envelope instability stop band in tune-depression
space.

IV. CONCLUSIONS

In this paper, we performed analysis of 4r ¼ 360� fourth-order
particle resonance to investigate the lower bound of the particle reso-
nance stop band in any current of matched Gaussian beams.

From analytical calculations and numerical PIC simulations, we
finally verify the stop band of 4r ¼ 360� fourth-order particle reso-
nance as r0 > 90� and r < 90�, where r0 is the lattice zero-current
phase advance and r is the depressed phase advance per cell.

In addition, we carried out PIC simulations to clarify the stop
band of fourth-order resonance and observed the aspects of the emit-
tance growth for various fixed r0. It is found that in the tune-
depression space the fourth-order particle resonance stop band is
wider than the envelope instability stop band, and the envelope insta-
bility is induced following fourth-order particle resonance only within
the envelope instability stop band.
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