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ABSTRACT

In the Trojan Horse injection process for plasma-based particle accelerators, we have investigated how the longitudinal phase space of the
witness bunch would be governed by the parameters of the ionization laser and background plasma in the limit of quasistatic wakefield
approximation. The tunneling ionization rate distribution by the laser pulse is introduced to describe the ionization time interval and initial
distribution of the witness electrons. The quasilinear (or equivalently quasistatic) regime of the charged particle beam-driven wakefield is
considered to make the phase of the wake potential constant in time in the driver beam frame. In the simulations, it is shown that the ioniza-
tion laser phase on the quasistatic wake potential determines the longitudinal space-charge field of the witness bunch. We also find that the
relative energy spread of the witness bunch can be estimated by the sum of three effects: The ionization time interval, wakefield slope, and
space-charge fields of the witness bunch. Analytical expressions for the characteristic distance from the ionization to trapping positions, rms
length, and relative energy spread of the witness bunch are obtained approximately and compared with the particle-in-cell simulations.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5108928

I. INTRODUCTION

Since particle accelerators were first devised to discover new
laws of physics, accelerator physicists have made continuous efforts
to challenge the new energy frontiers. Indeed, in recent decades,
there have been needs to construct even larger particle accelerators
to reach beam energies higher than ever achieved, particularly for
the lepton collider experiments. Conventional accelerators based
on radio frequency (RF) cavities have limitations in accelerating
gradients (�100MV/m), and thus, the new accelerators would be
very expensive and have large footprints. On the other hand,
advanced accelerators based on novel acceleration mechanisms,
such as the plasma wakefield accelerators, are expected to have
much higher accelerating gradients and could save the cost and
footprints of the collider experiments considerably. Plasma wake-
fields can be generated by injecting a high intensity laser pulse or
charged particle beam into a plasma.1,2 Strong electric fields of the
plasma wakefields guarantee the accelerating and focusing forces
orders of magnitudes larger than the conventional accelerators.
However, there remain several issues for the practical use of the
plasma wakefield accelerators, such as difficulties of staging,3

unstable propagation of drivers,4 substantial energy spread,5 and
emittance growth of witness bunch,6 to mention a few of them. For
the successful injection of the witness bunch into the accelerating
wakefield region of an ion cavity, its normalized transverse and lon-
gitudinal sizes are required to be much smaller than unity, kpr� 1,
where kp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0e2=�0mec2

p
is the plasma wave number. Because of

the complicated physics of transverse phase space matching
between the witness beam and plasma, even the plasma density
profile at the beam entrance is of a serious concern.3 In this regard,
novel injection techniques for controllable witness bunch parame-
ters have been actively proposed recently.7–11

The Trojan Horse (TH) injection method uses a laser pulse with
a small normalized vector potential (ai� 1) to ionize the residual gas
inside the accelerating region of the plasma wakefield induced by a
dense (n0� nb0) driver beam.8,12,13 Here, n0 is the plasma density and
nb0 is the peak driver beam density. This TH injection method makes
it possible to separate the physics of the driver and witness beams. We
note, in contrast, that the ionization injection process by a driver beam
only is closely coupled to the driver beam parameters. For the parame-
ters of interest, the TH injection could deliver the accelerating fields
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around the wave-breaking limit E0 ðV=cmÞ /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0 ðcm�3Þ

p
and the

witness beams with tens of nm transverse emittances and a few kA of
peak currents.

Nevertheless, the needs of state-of-the-art technologies such as
the spatiotemporal alignment on micrometer and femtosecond scales,
ultrahigh driver beam current capability, tunable multicomponent gas
mixtures, selective optical ionization, wide enough plasma channels
without any harmful boundary effects, and others have delayed the
successful realization of the TH injection.14 As an example of the
extreme synchronism requirement between the driver beam and ioni-
zation laser pulse in the TH injection method, we note that the timing
jitter should be less than �20 fs for the beam and laser parameters
considered in this study. By carefully designing a laser beam splitter
and the use of a high-precision delay line, one might achieve such a
level of timing jitter requirement in the actual experimental setup. In
addition to these challenges in experimental setups, the significant
energy spread of the witness bunch inherent in the ultrahigh accelerat-
ing field gradient still matters. A novel approach for orders of magni-
tude smaller witness bunch energy spread has been reported,13 and in
this work, we investigate further on this inherent energy spread issue.
Since the phase of the plasma response from the driver beam oscillates
with a high frequency x� 2pc/ZR, where ZR is the Rayleigh length of
the ionization laser, the energy spread of the witness bunch is affected
by the phase oscillation amplitude of the plasma response, which can
be much larger than the rms length of the tunneling ionization rate
distribution of the laser pulse. In this paper, we call this phenomenon
the wakefield jitter effect. In order to relax these limitations, we con-
sider the possibility of using parameters with enlarged system scales14

and also investigate the strict condition for the quasistatic approxima-
tion to be valid, which would minimize the rms length increase in the
witness bunch.

In Sec. II, the overall strategy of the TH injection is explained.
The mixture of hydrogen and helium gases is used for the media of
the plasma wakefield and the source of the witness electrons. The ioni-
zation rate distribution by the laser pulse is introduced, and the initial
intrinsic energy spread during the ionization process is obtained. In
Sec. III, the plasma wakefield and its potential in the ultrarelativistic
blowout regime are briefly explained. It is reminded that the wake
potential for trapping of the witness electron is indeed scale-free for
given normalized beam sizes (by k�1p ) and current in the ultrarelativis-
tic blowout regime.15 Also, the selection criteria of the driver beam
and plasma parameters are investigated to avoid the wakefield jitter
effects. In Sec. IV, based on the concepts developed in Secs. II and III,
the analytical expressions for the trapping condition and rms length
are introduced to estimate the relative energy spread of the witness
bunch. It is demonstrated that these analytical expressions for the
witness bunch properties9 are in reasonable agreement with the simu-
lation results from the FBPIC (Fourier–Bessel particle-in-cell) code.16

For the simulations of the TH injection, the parameters for the
ultrarelativistic regime are set as follows: The plasma density n0¼ 9.0
� 1016 cm�3, driver beam density nb0¼ 4.0� 1017 cm�3, average
driver beam particle energy hEdi ¼ 10GeV, normalized driver beam
sizes kprb,z¼ 1.3 and kprb,r¼ 0.5, and driver beam normalized trans-
verse emittance �r¼ 15lm. The dimensions of the ionization laser
pulse are set to the focal waist wi¼ 8lm and rms length Li¼ 12lm.
In order to save the computing resources, the simulations were per-
formed based on the boosted-frame technique with the relativistic

gamma of the boosted-frame cboost¼ 2. The resolution of the simula-
tion is set to Dz¼ ki/20, Dr¼ ki/5, and Dt¼Dz/c in the laboratory
frame with the ionization laser wavelength of ki¼ 0.8lm. Due to the
spectral solver used in the FBPIC code, our simulation has no Courant
limit and guarantees the intrinsic mitigation of Numerical Cherenkov
Radiation (NCR) from relativistic bunches.16

II. TROJAN HORSE INJECTION SCENARIO

In the original proposal for the TH injection, the lithium (Li) and
helium (He) gas mixture was used,8 where lithium is the lower-ioniza-
tion-threshold (LIT) component and helium is the higher-ionization-
threshold (HIT) component. Since helium is not supposed to be ion-
ized at the ionization threshold of lithium, helium can exist in the
accelerating wakefield region of the lithium plasma. In this paper, the
mixture of hydrogen (H) and helium gases was considered. It is
assumed that the neutral hydrogen gas is preionized by a laser pulse
which has a waist and a duration much larger than kp and normalized
vector potential 0.027< apre� 0.067 which is just high enough to ion-
ize only the hydrogen and helium gases (but not the helium ions). The
number density of the plasma electrons is set to n0¼ 9.0� 1016 cm�3,
and the number density of He gas is set to nHe¼ 0.02n0 [Fig. 1(b)]. In
this case, the mismatching of the focal strength at the boundary of the
HIT gas region is negligible.

The Heþ ions are ionized by another laser pulse which follows
the driver beam. The ionization laser pulse is focused at the focal point
zf, which is inside the first bucket of the accelerating region of the
plasma wakefield and has a waist and a duration much smaller than kp
[Fig. 1(b)]. To ionize Heþ to He2þ, the ionization laser pulse should
have the normalized vector potential ai (¼0.067) larger than that of
the preionizing laser. The tunneling ionization rates of hydrogen and
helium atoms are given by the ADK theory17 as shown in Fig. 1(a).

FIG. 1. (a) The tunneling ionization rates (W) of hydrogen and helium atoms and
(b) the gas density profiles (n and nHIT) with the ionization rate distribution of the
Gaussian laser pulse. The ionization laser pulse is focused at zf � 3878 lm.
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Around the centroid and focal point of the ionization laser pulse, the
distribution of the tunneling ionization rate is given by the Keldysh
theory, which is written in the form9,18

W �Wp exp �
ðz � zf Þ2

2r2
wZ

2
R

" #

� exp � r2

r2
ww

2
i

" #
exp �ðn� hniiÞ

2

2r2
wL

2
i

" #
; (1)

with

rw �
3preai
a4ki

� �1=2 UH

UI

� �3=4

; (2)

whereWp is the tunneling ionization rate at the peak of the laser field,
rw is the rms spread in the injection laser phase, n¼ z – ct is the
comoving variable in the beam frame, hnii is the centroid of the laser
pulse, re is the classical electron radius, a is the fine structure constant,
UH is the ionization potential of hydrogen, and UI is the ionization
potential of the HIT particle. To ensure that Eq. (2) is valid, it is
assumed that the laser field amplitude is set to the ionization threshold
ðki=cÞWp�1 and r2

w � 1. The intrinsic energy spread which is gener-
ated during the trapping process is determined by rE,i¼ eEz,t rwZR,
with ZR � 251lm and rw � 0.31, where Ez,t is the accelerating wake-
field at the phase of the trapping. A similar term was also derived in
Ref. 13, but the estimation we suggest here contains additional depen-
dencies on the laser-plasma parameters based on Keldysh theory.

III. QUASILINEAR REGIME OF BEAM-DRIVEN PLASMA
WAKEFIELDS

When a relativistic charged particle beam propagates through the
plasma, the static field of the beam space-charge displaces the plasma
electrons. The displaced electrons are then pulled back by the restoring
force of the stationary ions. Therefore, the plasma electrons oscillate
around the initial equilibrium positions after the driving charged parti-
cle beam passes through. In the limit nb0� n0, the amplitudes of the
displaced plasma electrons are usually very small (kpjr1j � 1). Hence,
in this case, the fluid model can be reduced to the linear theory, and
the mathematical dependencies of the perturbed parameters are given
in terms of the sinusoidal functions.2 On the other hand, in the regime
nb0 � n0, the magnitudes of the perturbed quantities become very
large and the fluid model breaks down.19–21 The maximum blowout
radius rm is determined by the normalized charge per unit length of
the driver beam K � ðnb0=n0Þk2pr2

b;r .
20,21 Particularly, for the case

kprm� 1, which corresponds to a pure ion channel around the center
of the wake potential, the plasma wakefields and their static potential
in the laboratory frame are given as20–22

ðEr � cBhÞ=E0 � kpr=2; (3)

Ez=E0 � kpðn� n0Þ=2; (4)

and

eDU=mec
2 � k2p Dn2 þ 2Dnðni � n0Þ

� �
=4; (5)

where E0¼ kpmec
2/e is the wave-breaking limit in cold plasma,19

Dn¼ nt – ni is the characteristic distance from the ionization to trap-
ping positions of the witness electrons, and the relative beam

coordinates n with subscripts 0, t, and i indicate the peak of the wake
potential, trapping, and ionization positions of the witness electrons,
respectively. For the wakefield region of interest, we have n< n0.

The electromagnetic potential is defined by W� U – v/Az, where
v/(� c) is the phase velocity of the wake. W is related to the electro-
magnetic fields by Ez¼ –@nW and Er – v/Bh¼ –@rW. The transverse
wakefield Er – cBh near the axis (kpr� 1 or kpx� 1) has the linearity
and dependence only on r, not z [see Figs. 2(a) and 2(d)]. Similarly,
the longitudinal wakefield Ez nearby the peak of wake potential (W)
has the linearity and dependence only on z, not r. In Fig. 2(f), two ver-
tical lines are drawn to indicate the centroid positions of the ionization
laser pulse (hnii) and witness bunch (hnti). When kprm � 2, we note
@rðEr � cBhÞ 6ffi @nEz and @nEz< kpE0/2, which is the case for our sim-
ulation (Fig. 2). Since the effectiveness of inducing plasma waves is
determined by K and rb,z,

20 the curves of wakefields as a function of
the beam coordinate n normalized by the plasma skin depth k�1p are
identical for fixed K and rb,z, even with varying ambient plasma densi-
ties n0

15 (see Fig. 3). This means that the trapping condition of the
witness electrons for the TH injection remains the same for the given
normalized beam sizes and current. Hence, we may consider the use
of enlarged system scales to relax extremely tight experimental condi-
tions for the TH injection scenario.

It is worthwhile to mention the condition in which the quasistatic
approximation is valid for the electromagnetic potential. The high-
current driver beam makes the peak position of the wake potential n0
oscillate in time.21,23 Even though the plasma electrons displaced by
the driver beam predominantly oscillate in the transverse directions,
still there are some residual longitudinal oscillations. When the self-
injected plasma current becomes large enough to generate a strong azi-
muthal magnetic field which can distort the plasma sheath at the rear
part of the ion cavity, the phase of the wake potential oscillates in
time (see Fig. 4). If the phase of the plasma response oscillates as n0
¼ n00 þ n01 expðixtÞ with the amplitude rwLi/2� n01� n00 and fre-
quency x� 2pc/ZR, then multiple peaks of the witness beam current
will be generated. In this case, we have rz � n01, causing large energy
spread of the witness beam. The details of the energy spread issues for
large K values will be investigated in the future work. For the present
simulation study, we have kp � 111lm and kprm � 2.4 (K¼ 1.1),
which makes Eqs. (3) and (4) satisfied approximately with negligible
self-injected plasma current effects.

IV. MANIPULATION OF THE WITNESS BUNCH
LONGITUDINAL PHASE SPACE

Assuming a quasistatic electromagnetic potential, the ionized wit-
ness electrons can be trapped into the accelerating wakefield region at
the expense of electromagnetic wake potential eDW/mec

2 � 1. Using
Eq. (5) and setting the ionization laser pulse near the maximum posi-
tion of wake potential (ni� n0), Dn can be written in the form

kpDn � �kpðni � n0Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2pðni � n0Þ2 þ 2E0=@kpnEz;i

q
; (6)

where it is assumed that the ionization laser pulse has no transverse
offset with respect to the propagation axis of the driver electron beam
and @kpnEz is constant within nt< n < ni. A formula similar to Eq. (6)
has been reported in Ref. 24, but in Eq. (6), the first term is addition-
ally corrected and the second term in the square root has been modi-
fied for the quasilinear wakefield regime.
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FIG. 4. The peak positions (n0) of wake potentials in the comoving coordinate,
which are defined as the relative distances from the driver beam centroids (n¼ 0)
to the peaks of wake potentials, oscillate along the propagation distance z¼ ct for
kprb,z¼ 1.3 and n0¼ 9� 1016 cm�3.

FIG. 2. The plasma wakefields acting on the beams at (left) ct¼ 4mm and (right) ct¼ 10 mm for kphnii ¼ �3:3. [(a) and (d)] (Er – cBh)/E0 along the vertical lines at hnti
(green dotted) and hnii (red dotted). [(b) and (e)] Ez/E0 along the horizontal line at x ¼ hxti ¼ 0. [(c) and (f)] The two-dimensional plots of the wake potential distribution, eW/
mec

2. The vertical lines are set to the longitudinal positions of the witness bunch centroids and ionization laser pulses. The horizontal lines are set to the transverse positions
of the witness bunch centroids. All the coordinate axes are normalized by the plasma skin depth k�1p . The energy of the witness bunch is given by cwmec

2 (mega-electron-
volt). The driver beam is moving to the right.

FIG. 3. (red curves) The longitudinal components of plasma wakefields and (green
curves) their potentials for kprb,r¼ 0.5, kprb,z¼ 1.3, and K¼ 1. The driver beam
is moving to the right.
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When the quasistatic approximation is valid, the rms length of
the witness bunch is estimated by Eqs. (1), (5), and (6), namely,

rz � jhnii � n0j þ
rwLi
2

� �
1þ hnii � n0

jDnj

� �
rwLi
jDnj ; (7)

where Li is the rms length of the ionization laser pulse. It is assumed
that the intrinsic transverse momentum induced in the laser polariza-
tion direction is negligible in Eq. (7) because its effect in the trapping
process is inversely proportional to the wake phase velocity gamma cp
which is close to the driver beam gamma cd.

25 Equation (7) confirms
that the rms length of the witness bunch is minimized when the ioni-
zation laser pulse is set to the peak of the wake potential (see Fig. 5).
We note, however, that Eq. (7) is not perfectly matched to the simula-
tion results quantitatively. It is because for the majority of cases in the
quasistatic approximation, the witness electrons reach the nonlinear
curve of Ez at the rear part of the ion cavity, particularly when the ioni-
zation laser is set far from kpn0. This shortens the rms length of the
witness bunch from the analytical expectation of Eq. (7).

Assuming that the phase slippage of the witness bunch on the
wake potential is negligible after the trapping process is performed, the
energy spread of the witness bunch can be estimated by the combina-
tion of three effects: The intrinsic energy spread from the ionization
time interval, work done by the wakefield slope, and longitudinal
space-charge field of the witness bunch. The energy spread from the
wakefield slope during the acceleration process is given by rE,a

� erz(z– z0)@nEz,t, where z0 ¼ zf þ
ffiffiffiffiffiffiffiffi
p=2

p
rwZR is the virtual point in

which the witness bunch charge is accumulated up to almost N. Here,
N � pðrwwiÞ2ð

ffiffiffiffiffi
2p
p

rwZRÞnHIT is the maximum number of ionized
witness electrons.9 The energy spread rE,s from the longitudinal space
charge field is approximately given by26

rE;s � e
ðz
z0

Ez;sdz
0; (8)

with

Ez;s �
N

4p�0

e
c2r2

z
log

crz

rr
; (9)

where c¼ ciþ eEz,t(z – z0)/mec
2 is the relativistic gamma of the acceler-

ating witness bunch, ci is the initial gamma of the witness bunch at
z¼ z0, and rr is the witness bunch radius. By the initial matching condi-
tion kpwi� 2ai,

9 the witness bunch radius in the laser polarization direc-
tion is approximately matched to rr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�r=ckb

p
with the betatron

wave number kb ¼ kp=
ffiffiffiffiffi
2c
p

.27 Since the contribution of the rzr�1r
term becomes quickly small compared to c, it can be assumed that the
possible mismatching effect of the witness bunch radius is not signifi-
cant for the relative energy spread [see Eq. (10)]. The average energy of
the witness bunch is hEi ¼ cimec2 þ eEz;tðz � z0Þ � eEz;tðz � z0Þ,
where it was assumed that the initial witness bunch energy is negligible.

Reminding that the intrinsic energy spread rE,i determines the
size of the semiminor axis of the longitudinal phase space ellipse and
the forces acting on the witness bunch in the opposite directions affect
the tilt angle of the semi-major axis, we suggest the following expres-
sion for the relative energy spread of the witness bunch:

rE

hEi �
rE;i þ jrE;a þ rE;sj

hEi ;

� rwZR

z � z0
þ
����� 1
Ez;t

@Ez;t
@n

rz �
N

4p�0

e2

rz
ðeEz;trzÞ�1

� log ðcrzr�1r Þ þ 1:25
c2

�
log ðcirzr�1r;i Þ þ 1:25

cci

( )�����; (10)

where rE is the total rms energy spread of the witness bunch and rr,i is
the initial witness bunch radius. It is assumed that any wakefield effect
driven by the witness bunch itself is negligible in the present TH

FIG. 5. [(a)–(f)] The longitudinal phase spaces of the witness bunch with different ionization phases for @kpnEz;i=E0 � 0:34 and ct¼ 10mm. (g: Blue) The characteristic dis-
tance from the ionization to trapping positions and (g: Red) the rms length of the witness bunch, according to the different phases of the ionization laser pulse kpni on the quasi-
static wake potential. Here, the peak position of the wake potential is kpn0¼ –2.8, which corresponds to �160 fs behind the driver beam centroid (n¼ 0).
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injection regime. For the case in which the ionization laser pulse is
synchronized near the peak position of the wake potential, Ez,t and
@nEz,t are specified by E0 and kpE0/2, respectively. We note that rE,i
and rE,s of Eq. (10) are comparable to rE,a at ct¼ 10mm in Fig. 5.
Due to the high bunch density, Figs. 5(a)–5(f) illustrate that the
energy chirp of the witness bunch is space-charge field dominated
when the ionization laser is synchronized near the peak position of
the wake potential at kpn0¼ –2.8, whereas it is plasma-wakefield
dominated when the ionization laser is synchronized far from kpn0.
Equation (10) implies rE=hEi / n0 at z ! 1, where the effects of
rE,i and rE,s vanish. A partly similar simulation result as in Fig. 6 has
been reported in Ref. 13. In Ref. 13, a high-charge escort bunch was
additionally injected to distort the wakefield gradient. In this work,
instead, we tried to figure out the minimization condition of the rms
length and considered the self-field effect5 of the witness bunch. The
simulation result of the relative energy spread in Fig. 6 shows a rea-
sonable agreement with Eq. (10) (compare blue circles and the blue
dashed line in Fig. 6).

V. SUMMARY

In this work, the Trojan Horse injection scheme has been revis-
ited in the limit where the plasma wave jitter effect is negligible. For
the ultrarelativistic blowout regime, it was found that the trapping
condition of the witness electrons has no absolute dependence on the
plasma density. Therefore, it could be possible to reproduce the TH
injection systems of similar characteristics with drastically different
plasma densities and length scales. The rms length of the witness
bunch is minimized when the laser pulse is set near the peak position
of the wake potential distribution. The shorter rms length of the wit-
ness beam leads to the smaller asymptote of the relative energy
spread, unless the space-charge field of the witness bunch is signifi-
cant. The smaller ambient plasma density (n0) guarantees not only
the relaxed requirement of the synchronism (kpjni � n0j� 0:5) but
also the improved relative energy spread of the witness bunch
(rE=hEi / n0). The analytical expressions introduced in this work

show reasonably similar trends to the PIC simulation results and
should be useful for quick assessment of the TH injection systems.
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