
Short preview of the Density functional theory 

and 

Kohn-Sham equation 
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Exchange-correlation energy functional 

Exchange-correlation energy density



Suppose we have energy functional which consists of 𝑁𝑁 orthonormal orbital, 
∫ ψλ∗( 𝑟𝑟)ψμ 𝑟𝑟 𝑑𝑑3𝑟𝑟 = 𝛿𝛿𝜇𝜇λ. 

 Using the Euler-Lagrange equation for the calculus of variations, derive the self-
consist field (SCF) equation for the 𝑁𝑁 orbitals. 

Exercise and Discussion (장형윤)
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Exchange energy of the uniform electron gas
Bloch & Dirac (1920~1930), for uniform spin-unpolarized electron liquid

 The exchange energy density 

( )

2
1 3

01 3 1 3
0 0

0.91664 3 1 1[ ( )] ( ) 0.0622ln( ) 0.096 ( )
4 ( ) ( ) 23 4xc

er r a O
r a r a

ε ρ ρ
π ρ ρπ

   
= − + − +   
    

 

 

[ ] ( )
( )

0 3

1 2 23
1/32 1 3 1 3

1 3 0 0
0 0

( ) [ ]

3 3 0.91664( ) ( ) 1.4774 ( )
4 2 23 4

x x

x

E r d r

e ee r n r a n r a
a a

ρ ε ρ

ε ρ ρ
π π

=

     = − = − = −               

∫
 

  

LDA



It is the differential equation eigenvalue problem. Once the boundary condition is 

specified (for example, fixed value or periodic boundary condition), we can determine 

the eigenfunctions (ψ𝜇𝜇, 𝜇𝜇 = 1,2, … ,𝑁𝑁) and eigenvalues (𝜀𝜀𝜇𝜇, 𝜇𝜇 = 1,2, … ,𝑁𝑁) . 

It is non-linear differential equation. We cannot make it inversion of the operator. We 

solve it through the self-consistent field procedure (SCF procedure).

The equation is  
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Mathematically, the Euler-Lagrange equation requires the SCF procedure for 𝑁𝑁 orbitals.

 However, the number of eigenvalues and eigenfunctions are infinite. Visit the 

mathematical textbook for the differential equation part.   

The equation is  
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Among the infinite number of eigenfunctions, let us select the  𝑁𝑁 orbitals with lowest 

eigenvalues. 

Occupied orbitals  versus unoccupied ones.  
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SCF procedure 
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It is intended to remove the self-interaction 

Physical implication   
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The long-range behaviour of 𝒗𝒗𝒙𝒙𝒙𝒙
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From the Euler-Langrange equation

Show that    
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Exchange-Correlation energy density functional 
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Many many developments over decades  

3[ ] ( ) [ ( )]xc xcE d rρ ρ ε ρ= ∫ r r 

Many theorists have devoted to find this functional form. 

How ?

The theory, QFT treatment of interacting many bodies. 



I. Exchange and correlation 

II. The action of the exchange potential, a non-local interaction    

Exchange-correlation density functional 
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To remove the self interaction 
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Notes for exchange-correlation energy  

I. The exchange-correlation energy and its density
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Two-body energy of the uniform electron 
gas (Lecture Note(2019))
 The exchange energy

Average exchange energy

What is the name of this energy quantum ⁄𝑒𝑒2 2𝑎𝑎0 ? 
 [Ref, Aschroft &Mermin, Ch 17]
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Some discussions on high density limit
 The average energy per particle of the interacting electron liquid with the 

constant density or uniform positive background. In this circumstances, the 
Hatree energy is just a constant, and then

 The dimensionless parameters 
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In a realistic solid
 The density 𝑛𝑛(𝑟𝑟) is not costant, and then

 The exchange energy density 
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Notes for exchange-correlation energy  

I. Local density approximation (LDA) 
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Notes for exchange-correlation energy  

I. Generalized Gradient Approximation (GGA)

II. Becke 88 Exchange 
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PBE Exchange Functional

[ ] ( ) ( ) ( )

( )

( )

( ) ( )

[ ] ( )

( )

3

2

2 32

1 3
4 3

1 3
7 3 3

2

2 32

,

, 1
1

48

,where 0.21951 and 0.804

9 3
8

9 3 1
8 1

48

PBE LDA PBE
x x x

PBE
x

LDA
x

PBE
x

E r F s d r

F s
s

r

E r d r
s

ρ ρ ε ρ ρ

κρ κ
µ

κ π

µ κ

αε ρ ρ
π

α κρ ρ κ
µπ

κ π

=

= + −
+

= =

 = −  
 

 
 
  = − + −      +
  

∫

∫

 



 

( ) ( ) ( )

( ) ( )

( )3

3

23

2 3 2 3

2
3 2

2 2 4

, , ,

,where 
,

2

4

3

1 1
2

1ln 1
1

1

0.031091  and  0.066725

LDA
c

PBE LDA PBE
c c s

s

F
s

F

PBE

E r H r t d r

t
k

kk

k

AtH t
At A t

A
e ε γφ

ρ ρ ρ ε ρ ζ

ρ ρ
ζ

ρ
ρ
φ

π

π ρ

ζ ζ
φ

βγφ
γ

β

γ

γ β

↑ ↓

↑ ↓

−

 = +    

=

∇
=

=

=

+ + −
=

 +
= + + + 

=
−

= =

∫
 

PBE Correlation Functional



PW91 Exchange Functional
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Exchange in the spin polarized system

& , , 91, 847(1997)
, . . . . . , 26, 376(1930)

Filatov Thiel Molecular Physics
Dirac Comb Phil Soc Math Phys Sci
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