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Abstract

We consider the problem of fitting a step function to a set of points. More precisely, given an integer
k and a setP of n points in the plane, our goal is to find a step functionf with k steps that minimizes
the maximum vertical distance betweenf and all the points inP . We first give an optimalΘ(n log n)
algorithm for the general case. In the special case where thepoints in P are given in sorted order
according to theirx-coordinates, we give an optimalΘ(n) time algorithm. Then, we show how to solve
the weighted version of this problem in timeO(n log4 n). Finally, we give anO(nh2 log n) algorithm
for the case whereh outliers are allowed. The running time of all our algorithmsis independent ofk.

Keywords: Algorithm Design; Optimization; Computational Geometry;Shape Fitting; Histogram

1 Introduction

In this paper, we consider the problem of fitting a step function to a point set inR2. (See Figure 1 for an
example.) For a given number of stepsk, we find the step function whose maximum vertical distance toa
point setP is minimized.
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x

Figure 1: A set of points inR2 and an optimal approximation by a 3-step function.

The motivation for this work is to find a concise representation of a large set of points by a step function
with few steps. This type of representation of point-sets bystep functions (also calledhistograms) is used
in Database Management Systems, forquery optimization: there can be many different ways of answering
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a complex query involving several attributes of the data, and query optimization consists in predicting the
fastest way to answer a query, before this query is performed. This prediction is done using some statistics on
the data, which often consists of histograms. Several typesof histograms have been used in databases [16];
the histograms that correspond to our optimal step functions are calledmaximum error histograms, and have
recently been studied in the database community [7, 13, 17].

We give optimal algorithms for computing the optimal step function in our model; in other words, we
give optimal algorithms for computing maximum error histograms. We also give efficient algorithms for two
generalizations. First, we consider the more general case where each point is weighted, and its contribution
to the distance computation is multiplied by this weight. Second, we introduce a generalization of our
problem to the case where outliers are allowed; that is, we allow our algorithm to ignoreh input points,
whereh is an input parameter. The motivation is to make the algorithm more robust to noise in the input
point set.

1.1 Problem formulations

A function f : [a, b) → R is called ak-step function if there exists a real sequencea = a0 < a1 <
· · · < ak = b such that the restriction off to each interval[ai, ai+1) is a constant. We used(p, f) to
denote the vertical distance between a pointp ∈ R

2 andf ; in other words whenp = (x, y), we have
d(p, f) = |f(x)− y|. Let P denote a set ofn points inR

2. We define the distanced(P, f) betweenP and
a step functionf as follows:

d(P, f) = max{d(p, f) | p ∈ P}.
We will consider the following three problems. The first one is the problem that we already mentioned

and the second one is the weighted version. The third one is a generalization where we allowh outliers,
which means that we allow a given numberh of points fromP to be far fromf .

• MIN-DIST: Given an integerk > 0 and a setP of n points inR
2, find ak-step functionf∗ such that

ε∗ = d(P, f∗) is minimized.

• weighted-MIN-DIST: a generalization of MIN-DIST where we are given a set of weighted points,
and the distance betweenf and a pointp with weightµ is µ ·d(p, f). The goal is still to minimize the
maximum of these distances for a givenk.

• OUTLIER: GivenP ⊆ R
2, an integerk > 0 andh ∈ N, find ak-step functionf and a subset

P ′ ⊆ P such that|P ′| 6 h andd(P \ P ′, f) is minimized.

1.2 Previous work

Algorithms for fitting a polyline to a dataset have been extensively studied. For instance, Goodrich [12]
gave anO(n log n) time algorithm for fitting anx-monotone polyline withk edges to a set of points, under
the same criterion as ours: minimizing the maximum verticaldistance between the input point set and the
polyline. Goodrich’s work was motivated by applications togeographic information systems and image
processing, where one wants to simplify a curve using a polyline with few edges. References to related
work can be found in Goodrich’s article [12]. There has also been extensive research in algorithms for
fitting a step function to a point set under criteria that are different from ours: for instance, minimizing the
sum of the squared vertical distances. The interested reader can find references to these results in Guha and
Shim’s article [13]. We are not aware of any work for fitting a step function or a polyline that explicitly
handles outliers in the same way as we do, but it has been considered for other shape fitting problems. See
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for instance the work of Har-Peled et al. [1, 14] on the minimum width annulus and related problems, or the
recent paper by Atanassov et al. [4] on outliers removal minimizing parameters such as diameter, perimeter
of parallel-axis bounding box, or area of the convex hull.

We now mention results that are more directly related to thispaper. Diáz-Báñez and Mesa [20] showed
that the dual problem where we want to minimize the number of stepsk for a fixed error boundε can
be solved inO(n) time by a greedy approach. This algorithm can be used as a decision algorithm for
the MIN-DIST problem, and since the optimal distanceε∗ in the MIN-DIST problem is realized by half
the difference between twoy-coordinates inP , then by sorting theseO(n2) values and applying binary
search, Diáz-Báñez and Mesa [20] obtained anO(n2 log n) algorithm. This result was improved toO(n2)
by Wang [21], and then by Mayster and Lopez [19] who gave anO(min(n2, nk log n)) algorithm for the
MIN-DIST problem. Recently, Guha and Shim [13] found an algorithm with running timeO(n+k2 log3 n)
when the input points are given in sorted order, by increasing x-coordinate. Their algorithm also applies
to a model of maximum relative error and to the case where points are weighted. For the latter case, the
bound becomesO(n log n+k2 log6 n); for largek, this was later improved by Lopez and Mayster [18] who
gave an algorithm with running timeO(n2). The algorithm by Lopez and Mayster also improves the space
requirement of Guha and Shim’s algorithm fromO(n log n) to O(n).

Finally, we mention two recent articles from the database community on maximum error histograms.
(Which, in our terminology, is the MIN-DIST problem.) Karras et al. [17] give anO(nL)-time algorithm
for MIN-DIST with sorted input, where in the worst case,L is the number of bits used for representing
each coordinate of the input points. They achieve it using the greedy decision algorithm by Diáz-Báñez
and Mesa [20], together with binary search. Buragohain et al. [7] gave an efficient algorithm for computing
maximum error histograms over data streams.

1.3 Our results

In Section 2, we give a simpleO(n log n) time algorithm for MIN-DIST. We achieve it by combining
the technique of Frederickson and Johnson [10] for searching a sorted matrix, with the linear-time decision
algorithm by Diáz-Báñez and Mesa [20]. When the input points are not given in sorted order, our algorithm
is optimal, and it improves on all previous algorithms [13, 19, 20, 21] in the worst case. In particular, our
algorithm is the first one to be truly subquadratic, as previous algorithms run in timeΩ(n2), Ω(k2), orΩ(nk)
in the worst case. It is particularly significant for applications to databases, wheren andk could be large
enough to make a quadratic running time unacceptable.

In Section 3, we give a more general formulation of Frederickson’s path partitioning algorithm [9]. In
Section 4, we combine this technique with efficient data structures [6, 11] for reporting range maxima, and
we obtain a linear time algorithm for the MIN-DIST problem where the input points are given in sorted
order, by increasingx-coordinates. It is the first optimal algorithm for this problem.

Our approach also gives anO(n log4 n) algorithm for weighted-MIN-DIST. (See Section 5.) It is the
first truly subquadratic algorithm for this problem, and it improves on theO(n log n + k2 log6 n) algorithm
of Guha and Shim [13] whenk = ω(

√
n/ log n).

Finally, we give anO(nh2 log n) algorithm for the OUTLIER problem, where up toh input points can
be ignored. It improves on the obviousO(n2h2) dynamic programming approach.
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2 A simple optimal algorithm for MIN-DIST with unsorted input

In this section we present our algorithm for the MIN-DIST problem. We first present the sorted matrix
searching technique [9, 10], then we give the greedy, lineartime decision algorithm for sorted input (which
is essentially the algorithm by Diáz-Báñez and Mesa [20]for the dual problem), and then we combine these
two results to get anO(n log n) time optimization algorithm.

2.1 Searching in a sorted matrix

In this section we quickly describe the technique of Frederickson and Johnson for searching in a sorted
matrix [9, 10]. Suppose we are given ann× n sorted matrixM—by sorted, we mean thati 6 i′ andj 6 j′

implies thatMi,j 6 Mi′,j′. We assume that we can access in constant time the value of each elementMi,j.
Letg : R→ {TRUE, FALSE} be a monotone function in the sense that ifx < y andg(x) = TRUE, then

g(y) = TRUE. Our goal is to find the smallest elementMi,j of the matrixM such thatg(Mi,j) = TRUE;
we call this problem theoptimization problem. Thedecision problem is to compute the mappingg: given
x ∈ R, compute the value ofg(x). If we assume that the decision problem can be solved in timeD, then the
optimization problem can be trivially solved in timeO(n2 log n+D log n) by sorting{Mi,j | 1 6 i, j 6 n}
and then performing a binary search over these values. The algorithm by Diáz-Báñez and Mesa [20] applies
this approach using the decision algorithm presented in Section 2.2, whose running time isD = O(n).
The technique of Frederickson and Johnson improves the timebound of this optimization technique to
O(n + D log n) as follows.

The algorithm maintains a collectionM of submatrices ofM , and initially we setM = {M}. We
assume thatn is a power of 2; if not, we reduce to this case by padding copiesof Mn,n to the input until its
size is a power of 2. At each step, we partition each matrix inM into four equal-size square matrices. We
do not maintain these matrices explicitly (which would require quadratic time): we only keep the range of
indices in the original matrixM that corresponds to each submatrix. Then about half of thesematrices are
discarded. We repeat this process until the sum of the numbers of elements of these submatrices isO(1),
and thus we can find the optimal element by brute force.

We still need to explain how submatrices are discarded. Without loss of generality, we assume that
all elements ofM are distinct (if not, we break ties arbitrarily). For each submatrix inM, we compute
the smallest element (which of course is at the upper left corner). Then we compute the medianλmin of
these smallest elements. We also compute the medianλmax of the largest elements. Suppose now that
g(λmin) = TRUE. Then clearly, we can discard all the submatrices whosesmallest element is larger than
λmin. Otherwise, ifg(λmin) = FALSE, we discard all the submatrices whose largest elementis smaller than
λmin. We handleλmax in a similar way: ifg(λmax) = TRUE, we discard all submatrices whose smallest
element is larger thanλmax, and if g(λmax) = FALSE, we discard all submatrices whose largest element
is smaller thanλmax. It can be shown that together, these two steps allow to discard almost one half of the
matrices. For more details, we refer to the papers by Frederickson and Johnson [9, 10] and the survey by
Agarwal and Sharir [2, Section 3.3].

2.2 A decision algorithm for sorted input

In this section, we describe the linear-time decision algorithm by Dı́az-Báñez and Mesa [20]. We assume
thatP is given as a set of pointspi = (xi, yi) for 1 6 i 6 n sorted from left to right: we assume that for all
i, we havexi < xi+1. (To simplify the exposition, we assume that no two points have samex-coordinate.)
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We denoteP [i, j] = {pi, . . . pj}, Y [i, j] = {yi, . . . yj} and∆[i, j] = (maxY [i, j] −min Y [i, j])/2. In
other words,∆[i, j] is the distance betweenP [i, j] and the closest 1-step function.

Our decision algorithm takes as input the point setP , an integerk, andε > 0. It returns TRUE if there
exists ak-step functionf such thatd(f, P ) 6 ε, and returns FALSE otherwise. We define a functionnextε
as follows: if ∆[i, n] 6 ε, thennextε(i) = n + 1 and otherwise,nextε(i) is the smallest integerj > i
such that∆[i, j] > ε. We first observe that for alli, we can computenextε(i) in time O(nextε(i) − i)
by traversingP [i, n] from left to right with a pointeri′, while maintaining the value ofmaxY [i, i′] and
min Y [i, i′]. We are now ready to give the decision algorithm:

Algorithm DECIDE(P, k, ε)
1. i1 ← 1.
2. for j ← 1 to k
3. do ij+1 ← nextε(ij).
4. if ij+1 = n + 1
5. then return TRUE.
6. return FALSE.

From our observation thatnextε(i) can be computed in timeO(nextε(i)− i), we can see that algorithm
DECIDE runs inO(n) time. A fairly simple argument shows that this algorithm is correct; the interested
reader can find a detailed proof in the article by Dı́az-Báñez and Mesa [20]. Thus, we have the following
result:

Lemma 1 Given a sorted point set P , an integer k, and ε > 0, the algorithm DECIDE(P, k, ε) decides in
O(n) time whether there exists a k-step function f such that d(f, P ) 6 ε.

2.3 Optimization algorithm

We denote byE the set of half-differences betweeny-coordinates inP :

E =

{

y − y′

2
| (x, y) ∈ P and(x′, y′) ∈ P

}

It is easy to see that the errorε∗ of the solution to the MIN-DIST problem is in this set. The MIN-DIST
problem can be solved by sortingE in O(n2 log n) time, and then looking for the optimal valueε∗ using the
decision algorithm and binary search.

In order to avoid a quadratic running time, we will apply the sorted matrix searching technique (Sec-
tion 2.1). This is made possible by the fact thatE can be written as follows:

E = Y + (−Y ) whereY =
{y

2
| (x, y) ∈ P

}

.

Thus we first sortY and obtain a non-decreasing sequence(bi) such thatY = {b1 6 b2 . . . 6 bn}. Then we
represent the elements ofE as the set of elements of a sorted matrixM defined byMi,j = 1

2
(bi − bn+1−j).

So our optimization algorithm works as follows. We first place in a sorted array the elements ofY , which
takesO(n log n) time. It allows us to compute elements ofM in constant time. Then we sortP according
to thex-coordinates, which, by Lemma 1, allows us to run the decision algorithm inO(n) time for any value
of ε. So, applying the sorted matrix searching technique (see Section 2.1), we obtain the following result:

Theorem 2 The MIN-DIST problem can be solved in O(n log n) time.
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A simple reduction from sorting shows that it is optimal whenthe input point-setP is not given in sorted
order: given the input(x1, . . . , xn), takeP = {(xi, xi) | 1 6 i 6 n} andk = n. The sequence ofy-values
taken by an optimalk-step function corresponds to(x1, . . . , xn) in sorted order.

3 Frederickson’s algorithm for Min-Max partitioning

Frederickson [9] gave a linear time algorithm for the following path partitioning problem: given an integer
k > 0 andn positive real numbersω1, . . . , ωn, compute a partition of{1, . . . , n} into k intervalsI1, . . . , Ik

such thatmaxj∈{1,...,k}

∑

i∈Ij
ωi is minimized.

Let us first formulate Frederickson’s min-max partition problem in a more general setting. LetΣ be
a set (not necessarily finite); we shall call it the alphabet.We denote byΣ∗ the set of words overΣ, and
the empty word is denoted bye. For v,w ∈ Σ∗, vw denotes the concatenation ofv and w. Assume
that we have a mappingθ : Σ∗ → R

+ such thatθ(e) = 0. We are interested in the following problem:
given w ∈ Σ∗, compute a factorizationw = w1w2 . . . wk (wherewi ∈ Σ∗) such that max

i∈{1,...,k}
θ(wi) is

minimized. We shall call this problem MIN-MAX PARTITION(θ). Note that the problem of Frederick-
son corresponds to MIN-MAX PARTITION(S) with Σ = R

+ andS(ωi . . . ωj) = ωi + . . . + ωj. The
following result gives sufficient conditions onθ which allow to apply Frederickson’s technique to solve
MIN-MAX PARTITION( θ).

Theorem 3 Let Σ be a set, and θ : Σ∗ → R+ be a mapping such that θ(e) = 0. Suppose that θ has the
following properties:

(i) θ is non-decreasing, that is, θ(v) 6 θ(uvw) for all u, v,w ∈ Σ∗.

(ii) We can preprocess a1 . . . an ∈ Σn in time π(n) so that, given any query (i, j), we can compute
θ(ai . . . aj) in time κ(n).

Then MIN-MAX PARTITION (θ) can be solved in time O(π(n) + nκ(n)).

To see why this theorem holds, one just has to reformulate theproof of Frederickson [9] using our more
general framework. As it would be quite technical, we only reprove what corresponds to theO(n log log n)
algorithm given by Frederickson, which gives anO(π(n) + n(log log n)κ(n)) time bound in our case. The
rest of the proof in Frederickson’s paper extends directly to our case, which proves Theorem 3.

To simplify the presentation, we assume thatκ(n) = O(1) in the remainder of this section. The lemma
below shows that conditions (i) and (ii) yield a linear time algorithm for the decision problem.

Lemma 4 (Naive decision algorithm) Under the hypothesis of Theorem 3, and after the preprocessing
step corresponding to condition (ii), there exists a linear time algorithm for the decision problem relative to
MIN-MAX PARTITION (θ).

Proof: Once the preprocessing onθ has been done, a greedy algorithm for the decision problem can be
achieved by a single sweep from left to right. It is essentially the same algorithm as the decision algorithm
for MIN-DIST presented in Section 2.2, and the proof carriesover to this case.
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Now we still need to design an algorithm to compute the optimal value ε∗. The algorithm to compute
this value relies on the technique of matrix searching. We recall the main result in its general version as it
appears in Frederickson’s article [9], but restricted to the case of square matrices of the same size.

Theorem 5 (Matrix Searching) Let M be a collection of N sorted matrices {M1, . . . ,MN} in which
matrix Mj is of size m × m. Let s be a non-negative integer (called the stopping count). The number of
calls to the decision algorithm that are needed by the matrix searching algorithm to discard all but at most s
of the elements is O(max{log m, log(Nm/(s + 1))}), and the total time of the Matrix Searching algorithm
exclusive of the calls to the decision algorithm is O(Nm).

Given an inputw = a1 . . . an ∈ Σn andk > 0 (both fixed from now on), we defineθi,j = θ(ai . . . aj) for
all i 6 j. Let us define then×n matrixM by Mi,j = θn+1−i,j whenn+1 6 i+ j andMi,j = 0 otherwise.
Because of property (i),M is a sorted matrix: it is non-decreasing along each line and each column. Letε∗

be the optimal value of MIN-MAX PARTITION(θ) on input(w, k). Of courseε∗ ∈ M . Condition (ii)
allows to query any entry of the matrixM defined above in timeO(1) with preprocessing timeπ(n) on the
input (a1, . . . , an). Note that we never do any other preprocessing of this type: all matrices occurring in the
algorithm are seen as a product of two intervals of{1, . . . , n}, and querying these matrices is performed via
a query on the big matrixM . In the next two lemmas, we assume that the preprocessing corresponding to
condition (ii) of Theorem 3 has been done, and we only consider the running times after this step.

The main idea to obtain theO(n log log n)-time optimization algorithm is to get a faster decision al-
gorithm by doing some additional preprocessing onw. Thenε∗ is computed by applying the technique of
matrix searching onM , using this improved decision algorithm.

The preprocessing is performed as follows. Letr be an integer (to be chosen later). The inputw is
divided into⌈n/r⌉ factorsvi of length r, thus we havew = v1 . . . vn/r. The family of sorted matrices
M = {M1, . . . ,Mn/r} is created, whereMi contains the values ofθ overvi. Then a first phase of matrix
searching is performed onM with stopping countn/r2. While doing this search, the decision algorithm is
run for several values ofε. We denote byλ1 the largest such value ofε that is not feasible, and we denote by
λ2 the smallest one that is feasible. Hence, we haveλ1 < ε∗ 6 λ2. At mostn/r2 factorsvp have (at least)
an elementθi,j of their matrixMp lying in [λ1, λ2]; we call these factorsactive. The other factors are called
non-active.

We shall carry out some preprocessing on the non-active factors. Let us consider a factorvi = ap . . . aq.
Fort ∈ {p, . . . , q}, we definencut(t) to be the minimum indexℓ such that there exists a partitionat . . . aq =
u1 . . . uℓ+1 such thatmaxi θ(ui) 6 λ1. Moreover, we definerem(t) to be the maximum ofj whereuℓ+1 =
aj . . . aq over all these partitions. Notice that these two parametersncut(t) andrem(t) are the ones obtained
by applying the greedy decision algorithm given in Lemma 4 onap . . . aq andλ1. The next lemma explains
how to compute these values efficiently.

Lemma 6 (Preprocessing factors) Given an interval of {1, . . . , n} of length r, computing rem(t) and
ncut(t) for all t ∈ I can be done in time O(r).

Proof: For t ∈ I, we definenextλ1
(t) to be the smallestt′ such thatθt,t′ > λ1. All values ofnextλ1

(t) can
be computed in timeO(r) by scanning from left to right, while maintaining a pointersto t and a pointer to
nextλ1

(t). Then,ncut(t) andrem(t) can be computed by a single scan from right to left. At each step of
this scan, we computencut(t) andrem(t) in constant time by accessingt′ := nextλ1

(t), and then using the
already computed valuesncut(t′) andrem(t′).
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Once this preprocessing has been done, we obtain a sublineardecision algorithm.

Lemma 7 (Sublinear decision algorithm) After the preprocessing of Lemma 6 has been done,
we have an O((n/r) log r) time algorithm to solve the decision problem corresponding to
MIN-MAX PARTITION (θ).

Proof: We can assume thatλ1 < ε < λ2, because ifε 6 λ1 we can immediately return FALSE, and
if ε > λ2 we can return TRUE. The idea is to implement the greedy approach faster, by jumping inside
non-active factors; on the other hand, we still operate by brute force within active factors. So let’s assume
that the naive, greedy approach yields a factorizationw = u1 . . . uq.

Consider the maximum sequenceui . . . uj (possibly the empty word) which entirely lies in thep-th
subsequencevp of w. Hence we can writevp = uui . . . uju

′. Assume thatvp is non-active. For all
i 6 i′ 6 j, we haveθ(ui′) 6 ε, so by definition of non-active factors, we haveθ(ui′) < λ1. It follows that,
if at is the first letter inui, we have thatj − i = ncut(t) andu′ starts at indexrem(t).

As a result, we can implement the greedy algorithm inO(log r) time within a non-active factorvp. First
we find by binary search the indext of first cut insidevp, using the index of the previous cut. Then we find
the number of cuts needed insidevp usingncut(t). Finally, we know that the last cut insidevp is atrem(t).

There are at mostn/r2 active factors, so our improved greedy algorithm spends a total of O(n/r) time
on them. On the other hand, it spends timeO(log r) on each non-active interval, and there are less thann/r
of them. It yields the desired time bound.

We can now describe the wholeO(π(n) + n log log n)-time algorithm. First the preprocessing corre-
sponding to condition (ii) is performed on the inputw. The sorted matrixM is created. Then we choose
r = ⌊log n⌋ and we create the family of sorted matricesM corresponding to then/r factorsv1, . . . , vn/r

of lengthr of w. A first phase of matrix searching is performed onM using the naive decision algorithm
(Lemma 4) and stopping countn/r2; it provides new boundsλ1 < ε∗ 6 λ2. Then we perform the pre-
processing (Lemma 6) with respect toλ1 on all non-active factors. The last step of the algorithm consists
in a matrix search on the big matrixM with stopping countO(1), using the sublinear decision algorithm
(Lemma 7). It gives the optimal valueε∗. It is easy to check that the running time of this algorithm is
O(π(n) + n log log n), thanks to our improved decision algorithm that runs in timeO(n(log log n)/ log n).

Frederickson’sO(π(n) + n)-time algorithm is based on clever pruning techniques, and cutting the
intervals recursively (with finely tuned parameters) to obtain faster decision algorithms at each step. A
careful reading of the proof of Frederickson shows that conditions (i) and (ii) are sufficient to be able to
apply these techniques exactly in the same way. We do not rewrite this proof here; the interested reader can
check the original paper of Frederickson [9] to complete theproof of Theorem 3.

4 A linear time algorithm for MIN-DIST with sorted input

In this section, we give an optimal, linear-time algorithm for the MIN-DIST problem with sorted input.
We achieve it by combining our reformulation of Frederickson’s technique (Theorem 3) with efficient data
structures for range reporting.

The input of sorted-MIN-DIST is an integerk, and a setP = {(x1, y1), . . . , (xn, yn)} of n points
in the plane. These points are given as a sequence, sorted according to theirx-coordinates, so we have
x1 6 . . . 6 xn. This problem can be reduced in linear time to the case where at most two points have
the samex-coordinate: we only need to rewrite the input under the form((x1, y1, y

′
1), . . . , (xn, yn, y′n))
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with x1 < . . . < xn andyi 6 y′i for all i. The x-coordinates obviously play no role in this problem,
so we are left with an input which is a positive integerk, and a sequence of intervals of the real line
([y1, y

′
1], . . . , [yn, y′n]). The sorted-MIN-DIST problem corresponds to MIN-MAX PARTITION(∆) with

Σ = {(a, b) ∈ R
2 | a 6 b} and

∆([z1, z
′
1], . . . , [zp, z

′
p]) := (max(z′1, . . . , z

′
p)−min(z1, . . . , zp))/2.

The mapping∆ is obviously non-decreasing, that is, it satisfies property(i) of Theorem 3. Let us
now show that it satisfies property (ii). Given an input([y1, y

′
1], . . . , [yn, y′n]) andk, we define∆i,j :=

∆([yi, y
′
i], . . . , [yj , y

′
j]). After O(n) preprocessing time, we need to be able to compute∆i,j in time O(1)

for any giveni andj. To this end, we use an efficient algorithm for the range maxima problem by Bender
and Farach-Colton [6] (which simplifies previous algorithms [11, 15]). More precisely, given a sequence
of numbers(a1, . . . , an), it allows us to answer any query(i, j) 7→ max(ai, . . . , aj) in constant time,
after preprocessing timeO(n). After preprocessing(y′1, . . . , y

′
n) in this way, we can querymax(y′i, . . . , y

′
j)

in time O(1). In the same way, we can preprocess(y1, . . . , yn) in linear time with respect to the query
(i, j) 7→ min(yi, . . . , yj). It allows us to computemax(y′i, . . . , y

′
j) andmin(yi, . . . , yj), and thus∆i,j,

in O(1) time per query after preprocessing timeO(n). Thus∆ has property (ii) withπ(n) = O(n) and
κ(n) = O(1). So by Theorem 3, we have proved the following:

Theorem 8 The sorted-MIN-DIST problem can be solved in linear time.

This algorithm is optimal, since no algorithm can solve thisoptimization problem without reading the
y-coordinates of all the input points. Suppose indeed that analgorithm returns a functionf on the input
(P, k) without accessing they-coordinate of the pointpi0 . ConsiderP̃ to be same asP except that the
y-coordinate ofpi0 is replaced withz. This algorithm will return the same functionf on input(P̃ , k), but
f is not optimal anymore ifz is large enough. It gives anΩ(n) lower bound on this problem and shows the
optimality of our linear time algorithm.

5 MIN-DIST with weighted inputs

In this section, we give a near-linear time algorithm for theweighted version of the MIN-DIST problem.
Again, it is an application of Theorem 3. We also use an efficient data structure by Guha and Shim [13] for
the related query problem.

Let us recall the weighted MIN-DIST problem defined by Guha and Shim [13]—where it is called
Maximum Error Histogram. Given a collection of points in theplane{(x1, y1), . . . , (xn, yn)} with positive
weightsµ1, . . . , µn and an integerk > 0, compute ak-step functionf such thatmax16i6n µi|f(xi) − yi|
is minimized. Guha and Shim [13] give an algorithm to solve weighted-MIN-DIST in timeO(n log n +
k2 log6 n) and spaceO(n log n). We obtain the following alternative result, which is better when k =
ω(
√

n/ log n).

Theorem 9 The weighted MIN-DIST problem can be solved in time O(n log4 n) and space O(n log n).

Proof: To avoid technicalities, we assume that no two points have the samex-coordinate. Without loss of
generality we assume that the points are sorted with respectto theirx-coordinates. Thus the input consists in
k > 0 and((x1, y1, µ1), . . . , (xn, yn, µn)) with x1 < . . . < xn. Since thexi’s play no role, we suppose that
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the input is reduced tok and((y1, µ1), . . . , (yn, µn)). Thus the weighted MIN-DIST problem corresponds
to MIN-MAX PARTITION( H) with Σ = R× R

+ and

H((z1, µ1), . . . , (zr, µr)) = min
z∈R

max
16i6r

µi|zi − z|.

Obviously the cost functionH is non-decreasing, that is, it satisfies condition (i) of Theorem 3.
The algorithm given in [13] relies on a preprocessing step requiring O(n log n) time andO(n log n)

space which allows to perform the queries(i, j) 7→ H((yi, µi), . . . , (yj , µj)) in time O(log4 n). So Theo-
rem 3 yields the desired result.

6 Handling outliers

In this section, we consider a generalization of the MIN-DIST problem where at mosth points are allowed
to be at distance more thanε from P . These points are outliers in the dataset, and we ignore themso as
to make our algorithm more robust to noise. More formally, givenP ⊆ R

2 andh, k ∈ N, the OUTLIER
problem consists in finding ak-step functionf and a subsetP ′ ⊆ P such that|P ′| 6 h andd(P \ P ′, f) is
minimized.

When|P | = n, the obvious dynamic programming approach gives anO(n2h2) time algorithm. As in
practice we expecth to be much smaller thann, our goal is to improve the dependency onn.

We first give an algorithm for the decision problem corresponding to OUTLIER, with running time
O(nh2) when the input points are given in sorted order. It is essentially the same algorithm as our decision
algorithm for MIN-DIST, except that it needs to consider removing up toh outliers from a combination of
points below and above the steps. Using sorted matrix searching and this decision algorithm, we obtain a
simpleO(nh2 log n) time algorithm to solve the OUTLIER problem.

6.1 Decision algorithm

We denote bypi = (xi, yi), 1 6 i 6 n the points inP . We assume that these points are in sorted order in
the sense thatxi < xi+1 for all i. (To simplify the exposition, we assume that no two points inP have the
samex-coordinate.) We denoteP [i, j] = {pi, . . . , pj} andY [i, j] = {yi, . . . , yj}.

For all integersi 6 j ∈ [1, n] andq ∈ [0, h], we define∆[i, j, q] as the minimum of the diameters of
{yi | i ∈ I} over allI ⊆ [i, j] such that|I| > j − i + 1 − q. For all i ∈ [1, n] andq ∈ [0, h], we define an
integernextε(i, q) which is the largest value ofj such that∆[i, j − 1, q] is smaller thanε. In other words,
[i, j − 1] is the largest interval starting ati such that there exists a 1-step function with distance at most ε
from P [i, j − 1], allowingq outliers inP [i, j − 1].

Suppose that theq + 1 smallesty-coordinates (with repetitions) inP [i, j] arem0 6 . . . 6 mq and the
q + 1 largest arêmq 6 . . . 6 m̂0. Then we have∆[i, j, q] = mina+b=q m̂a −mb (of course this statement
should be adapted ifj − i < q). The following observation follows immediately.

Proposition 10 Given sorted lists of the largest q + 1 numbers and the smallest q + 1 numbers in
{yi, yi+1, . . . yj}, we can compute ∆[i, j, q] in O(q) time.

This observation allows us to compute efficiently all the values ofnextε(i, q).
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Lemma 11 Given ε > 0, we can compute all the values of nextε(i, q) for i ∈ [1, n] and q ∈ [0, h] in time
O(nh2).

Proof: We fix a value ofq, and we will show that for this value ofq, we can compute inO(nq) time all the
values ofnextε(i, q) for i ∈ [1, n]. The result then follows immediately.

During the course of our algorithm, we use two pointers1 6 i 6 j 6 n whose initial values are
i = j = 1. We increment one of them at each step, until we reachi = n, and we maintain∆[i, j, q] at
each step. We first show how to do it in amortizedO(q) time per step. For this purpose, we maintain a third
pointerm such thati 6 m 6 j and, together with it, sorted listsLm

i′ of theq +1 largest values and theq +1
smallest values inY [i′,m] for all i′ ∈ [i,m]. We also maintain a sorted listL of theq + 1 largest values and
theq + 1 smallest values inY [m, j]. From these lists, we can easily get∆[i, j, q] in O(q) time, by merging
the listsLm

i andL, and by applying Proposition 10. Sincei andj are incremented a total of less than2n
times, it contributes onlyO(nq) to the running time. Now we explain how we maintain the listL and the
lists Lm

i . Suppose that at the current step,j is incremented. Then we simply updateL by insertingyj, if yj

is among theq + 1 smallest (or largest) numbers inY [m, j]. If i is incremented andi < m, then we simply
deleteLm

i . Finally, if i is incremented and becomes equal tom, then we delete all the sorted lists and we set
m = j. Now we can recompute the listsLm

i′ for i 6 i′ 6 m from right to left in amortized timeO(q) per
list. For a given value ofi′, this scheme only computes one listLm

i′ for one value ofm. So over the course
of the algorithm, we compute less than2n lists, each one in amortizedO(q) time. So overall, maintaining
these lists takesO(nq) during the course of the algorithm.

Now we explain how we compute the values ofnextε(·, ·). We traverse the integer interval[1, n] from
left to right using two pointersi 6 j. Initially, i = j = 1 and we incrementj until ∆[1, j, q] > ε. At this
point, we setnextε(1, q) = j and we incrementi. Now i = 2 and, if∆[i, j, q] > ε, we setnextε(i, q) = j
and repeat the process. Otherwise, we incrementj until ∆[i, j, q] > ε, at which point we setnextε(i, q) = j.
We repeat this process untili = j = n.

It is easy to see that this algorithm is correct. To analyze it, notice that bothi andj are incremented at
mostn− 1 times, and each time we increment them, we need to spend amortized timeO(q).

We can now solve the decision problem in timeO(nh2). First notice that, if the answer to the decision
problem is positive, then one of the functions that are solution to this problem is constant only over intervals
of the form [i,nextε(i, q)). The proof is the same as the proof of Lemma 1. It allows us to speed-up the
following dynamic programming approach, and obtain anO(nh2) time bound. We proceed by decreasing
values ofi, and we maintain for each indexi, and for eachq ∈ [0, h], the minimum number of steps of a
step function that has distance at mostε to P [i, n] usingq outliers. We spendO(h2) time for each value of
i. So we obtain this result:

Proposition 12 The decision problem with h outliers and distance ε can be solved in time O(nh2).

6.2 Optimization algorithm

We first sortP according to thex-coordinates, which takesO(n log n) time. Note that the solution to the
optimization problem corresponds to a valueε which is half the difference between two valuesyi andyj. So
after sorting the set ofy-coordinates, we reduce our problem to a search in a sorted matrix with a decision
algorithm that runs in timeO(nh2). Hence we obtain:

Theorem 13 The OUTLIER problem can be solved in time O(nh2 log n).
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7 Concluding remarks

Our O(n log n) time algorithm for MIN-DIST is optimal in the sense that we have a matching worst case
lower bound ofΩ(n log n). However, it may be possible to find an algorithm with improved running time
depending onk, for instance with time boundO(n log k). We don’t know how to solve this problem, but
we can prove anΩ(n log k) lower bound on the decision problem as follows. First, it follows directly from
Ben-Or’s result on algebraic computation trees [5, 8] that the problem of deciding whethern real numbers
{x1, . . . , xn} are in{1, . . . , k} requiresΩ(n log k) time. Then there exists ak-step function at distance 0
from the point-set{(1, 1), . . . , (k, k), (x1, x1), . . . , (xn, xn)} if and only if thexi’s are all in{1, . . . , k}; it
shows that deciding whether there is ak-step function at distance 0 is harder than the problem of deciding
whethern real numbers are in{1, . . . , k}, and thus this decision problem has anΩ(n log k) lower bound in
the algebraic computation tree model.

It would also be interesting to look at theL1 version: find ak-step functionf that minimizes
∑

p∈P d(p, f). This problem is of the min-sum partition type, as opposed tothe problems studied in this
paper which are of the min-max type. A related min-sum problem can be solved efficiently: given an in-
tegerk > 0 and a set of weighted points from the real lineP = {(x1, w1), . . . , (xn, wn)} ⊂ R

2 with
x1 6 x2 6 . . . 6 xn, we want to find an optimal quantization ofP , which is a partition of{1, . . . , n} into
k intervalsI1, . . . , Ik minimizing

∑k
i=1

ω(Ii), where

ω(Ii) = min
x∈R







∑

j∈Ii

wj(xj − x)2







.

As an application of an algorithm for finding a shortestk-link path in a graph with the concave Monge
property, Aggarwal et al. [3] obtained anO(n

√
k log n + n log n) time algorithm to compute an optimal

quantization. (This result relies on parametric searching.) Unfortunately, theL1 metric does not have the
Monge property. It would be interesting to know if it is possible to do better than the obvious dynamic
programming approach in theL1 case.
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